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ʋɺʆɼ 
 

ʄʘʩʪʝʨ ʨʘʜ ʿʝ ʧʦʩʚʝ˂ʝʥ ʠʟʫʯʘʚʘˁʫ eʣʝʤʝʥʪʘʨʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʢʦʿʝ 

ʩʫ ʦʩʥʦʚʘ ʠʩʪʨʘʞʠʚʘˁʘ  ʜʨʫʛʠʭ ʩʣʦʞʝʥʠʿʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ. ʆʥʝ ʩʫ 

ʩʘʜʨʞʘʿ ʛʨʘʜʠʚʘ ʿʦʰ ʫ ʥʠʞʠʤ ʨʘʟʨʝʜʠʤʘ ʦʩʥʦʚʥʝ ʰʢʦʣʝ, ʟʥʘˁʝ ʩʝ 

ʧʨʦʜʫʙˀʫʿʝ ʢʨʦʟ ʩʨʝʜˁʦʰʢʦʣʩʢʦ ʦʙʨʘʟʦʚʘˁʝ, ʦʜʣʘʟʘʢ ʥʘ ʪʘʢʤʠʯʝˁʘ, 

ʪʫʨʥʠʨʝ ʢʘʢʦ ʢʦʜ ʥʘʩ ʪʘʢʦ ʠ ʫ ʩʚʝʪʫ. ʅʝʿʝʜʥʘʢʦʩʪʠ ʩʝ ʤʦʛʫ ʢʦʨʠʩʪʠʪʠ 

ʢʘʦ ʜʦʙʘʨ ʧʨʠʨʫʯʥʠʢ ʤʘʪʝʤʝʪʠʯʘʨʠʤʘ, ʬʠʟʠʯʘʨʠʤʘ, ʠʥʞʝˁʝʨʠʤʘ, 

ʤʝʭʘʥʠʯʘʨʠʤʘ, ʩʪʘʪʠʩʪʠʯʘʨʠʤʘ, ʝʢʦʥʦʤʠʩʪʠʤʘ. ʇʨʠʤʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʿʝ ʟʘʩʪʫʧˀʝʥʘ ʫ ʤʘʪʝʤʘʪʠʯʢʦʿ ʘʥʘʣʠʟʠ, ʛʝʦʤʝʪʨʠʿʠ, ʪʝʦʨʠʿʠ 

ʚʝʨʦʚʘʪʥʦ˂ʝ, ʤʘʪʝʤʝʪʠʯʢʦʿ ʩʪʘʪʠʩʪʠʮʠ, ʤʘʪʝʤʘʪʠʯʢʦʿ ʦʙʨʘʜʠ ʧʦʜʘʪʘʢʘ, 

ʣʠʥʝʘʨʥʦʛ ʠ ʜʠʥʘʤʠʯʢʦʛ ʧʨʦʛʨʘʤʠʨʘˁʘ ʢʘʦ ʠ ʫ ʪʝʦʨʠʿʩʢʦʿ ʠ 

ʧʨʠʤʝˁʝʥʦʿ ʤʘʪʝʤʘʪʠʮʠ. 

 

ɼʦʢʘʟʠʚʘˁʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʫ ʤʘʪʝʤʘʪʠʮʠ ʿʝ ʢʦʨʠʩʥʘ ʠ ʢʨʝʘʪʠʚʥʘ 

ʘʢʪʠʚʥʦʩʪ. ʉʘʤʘ ʧʨʠʤʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʟʘʭʪʝʚʘ ʜʦʙʨʦ ʧʦʟʥʘʚʘˁʝ 

ʤʘʪʝʤʘʪʠʢʝ, ʙʦʛʘʪʩʚʦ ʠʜʝʿʘ ʠ ʤʝʪʦʜʘ. ʅʝʦʧʭʦʜʥʘ ʿʝ ʫʧʦʨʥʦʩʪ , 

ʩʪʨʧˀʠʚʦʩʪ ʠ  ʨʘʜʦʟʥʘʣʦʩʪ ʫ ʨʝʰʘʚʘˁʫ ʟʘʜʘʪʘʢʘ.  ʀʥʪʝʨʝʩʘʥʪʥʦ ʿʝ 

ʜʦʢʘʟʠʚʘˁʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʘʣʠ ʥʠʤʘʣʦ ʣʘʢʦ. ʋʚʝʢ ʩʝ ʤʦʞʝ ʥʝʰʪʦ ʥʦʚʦ, 

ʠʥʪʝʨʝʩʘʥʪʥʦ ʠ ʥʝʦʯʝʢʠʚʘʥʦ ʜʦʜʘʪʠ ʠ ʟʘʢˀʫʯʠʪʠ.  ʋ ʦʙʣʘʩʪʠ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʤʦʞʝ ʩʝ ʙʨʟʦ ʜʦ˂ʠ ʜʦ ʨʝʰʝˁʘ ʘʥʘʣʠʟʠʨʘˁʝʤ ʠ 

ʠʩʪʨʘʞʠʚʘˁʝʤ, ʘ ʧʦʥʝʢʘʜʘ ʿʝ ʧʦʪʨʝʙʥʘ ʜʫʙˀʘ ʘʥʘʣʠʟʘ.  ɼʦʢʘʟʠ ʤʦʛʫ 

ʙʠʪʠ ʢʨʘʪʢʠ ʠ ʩʘʞʝʪʠ,  ʘʣʠ ʠ ʜʫʛʠ, ʢʦʤʧʣʠʢʦʚʘʥʠ. ʀʜʝʿʘ ʢʦʿʘ ʚʦʜʠ ʜʦ 

ʨʝʝhˁʘ  ʩʝ ʟʘʩʥʠʚʘ ʥʘ ʦʰʪʨʦʫʤʥʦʩʪʠ, ʜʦʩʝʪˀʠʚʦʩʪʠ ʠ ʧʦʚʝʟʠʚʘˁʫ 

ʩʪʝʯʝʥʠʭ ʟʥʘˁʘ. ɻʣʘʚʥʠ ʮʠˀ ʿʝ ʿʝ ʧʦʪʚʨʜʘ ʢʦʥʢʨʝʪʥʝ ʪʚʨʜˁʝ, ʧʨʠ ʯʝʤʫ 

ʩʝ  ʤʦʞʝ  ʟʘʥʝʤʘʨʠʪʠ  ʤʝʪʦʜʠʯʢʘ ʩʪʨʘʥʘ ʜʦʢʘʟʘ. ʇʦʩʪʦʿʝ ʨʘʟʣʠʯʠʪʠ 

ʥʘʯʠʥʠ ʜʦʢʘʟʠʚʘˁʘ : 

 
1. ˢͦ͟ ͔͞ ͙͍͔͒ͦ͊͊ͥ͘͟ ͦ;͙͎͔͒ͤͦ͡Σ ͙ͨͪͪͦ͒ͤͦ ͔ͫ ͔ͤ͊ͣΐ͔ ͎͍ͦ͒ͦͦͪ. 
2. ˢͦ͟ ͔ͫ ͯͦ;͙ ͙͔ͨͪͣͤ͊ ͙ͨͦͤ͊ͭ͘ͻ ͔͔͙ͤ͒ͤ͊ͦͫͭ͟͞, ͟ ͙͔ͦͪͫͭ ͫ ͔ ͯ ͔ͪ΄͔ͥͯ. 
3. ˢͦ͟ ͔ͫ ͔ͨͪͨͦͤ͊͘  ͙͔ͨͪͣͤ͊  ͔ ͙͙͔ͣͨͪͫ͟͞ ͙ ͔ͣ͊ͭͣ ͙͊ͭ;͔͟ ͙ͤ͒ͯ͟ͼ͙͊͞Φ 
4.  ˹ ͔͔͒ͤ͊ͦͫͭ͟͞ ͔ͫ ͭͪ͊ͤͫͺ͙ͦͪͣ΄͔ ͯ ͔͍͙͍͔͊ͤͭͤͯ͟͡ ͫ͊ ͦͦͣ͟͞ ͔ͫ 
͙ͨͪͻ͍͙͍͙͔͊ͭ͢͞ ͙͒ͦ͊͘͡ ͒ͦ ͔ͪ΄͔ͥ͊Φ 

5. ˢͦ͟ ͔͞ ͔͔ͤ͒ͤ͊ͦͫͭ͟͞ ͻ͎͔ͦͣͦͤ͊ ͯ ͦ͒ͤͦͫͯ ͤ͊ ͔͙͍͔ͨͪͦͣͤ͢Σ ͙͍ͪ͘΄͙ ͔ͫ 
͔ͥͤ͊ ͙ͤͦͪͣ͊͊͘͡ͼ͙͊͞. 

6. ˴ͦ ͙ͣ͋ͤ͊ͼ͙͊͞ ͙ͪ͊ͤ͘ͻ ͔ͣͭͦ͒͊Φ 
 

ʎʠˀ ʤʘʩʪʝʨ ʨʘʜʘ ʿʝ ʦʙʨʘʜʘ ʠ ʧʨʠʤʝʥʘ eʣʝʤʝʥʪʘʨʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʫ 

ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ ʫ ʦʩʥʦʚʥʦʿ  ʠ ʩʨʝʜˁʦʿ ʰʢʦʣʠ, ʢʘʦ ʠ ʧʨʠʧʨʝʤʠ ʟʘ 

ʪʘʢʤʠʯʝˁʘ ʠ ʧʦʣʘʛʘˁʝ ʧʨʠʿʝʤʥʠʭ ʠʩʧʠʪʘ ʥʘ ʬʘʢʫʣʪʝʪʝ. ʈʘʜ ʦʙʫʭʚʘʪʘ 

ʩʠʥʪʝʟʫ ʪʝʦʨʠʿʝ ʩʘ ʧʨʠʤʝʥʦʤ, ʰʪʦ ʿʝ ʩʪʘʥʜʘʨʜ ʩʘʚʨʝʤʝʥʝ ʣʠʪʝʨʘʪʫʨʝ.  



 

3 

 

ʊʨʘʞʝʥʘ ʿʝ ʢʦʨeʣʘʮʠʿʘ ʠʟʤʝʹʫ ʪʝʦʨʠʿʩʢʠʭ ʧʦʩʪʘʚʢʠ  ʠ ʧʨʘʢʪʠʯʥʝ 

ʧʨʠʤʝʥʝ, ʜʝʪʘˀʥʦ ʿʝ ʧʨʠʢʘʟʘʥ  ʧʨʦʮʝʩ ʜʦʣʘʞʝˁʘ ʜʦ ʨʝʰʝˁʘ. ʋ ʨʘʜʫ ʿʝ 

ʢʦʨʠʰ˂ʝʥʘ ʢʦʤʙʠʥʦʚʘʥʘ ʤʝʪʦʜʘ ʠʩʪʨʘʞʠʚʘˁʘ, ʧʨʦʫʯʘʚʘʥʘ ʿʝ 

ʣʠʪʝʨʘʪʫʨʘ ʛʜʝ ʿʝ ʨʘʟʥʦʚʨʩʥʘ ʧʨʠʤʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ. 

 

ʈʘʜ  ʿʝ ʥʘ ʦʢʦ 111 ʩʪʨʘʥʠʮʘ, ʧʦʜʝˀʝʥ ʥʘ ʜʝʚʝʪ ʧʦʛʣʘʚˀʘ, ʫʢʫʧʘʥ ʙʨʦʿ 

ʩʣʠʢʘ 21. ʇʨʚʦ ʧʦʛʣʘʚˁʝ ʦʙʫʭʚʘʪʘ ʩʘʜʨʞʘʿ ʥʝʦʧʭʦʜʘʥ ʟʘ ʨʘʟʫʤʝʚʘˁʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ.  ɼʝʬʠʥʠʮʠʿʝ, ʪʝʦʨʝʤʝ, ʪʚʨʹʝˁʘ  ʠ ʧʨʠʤʝʨʝ ʩʘ ʧʨʠʤʝʥʦʤ ʫ 

ʦʩʥʦʚʥʦʿ ʰʢʦʣʠ, ʫ ʨʘʜʫ ʩʘ ʥʘʜʘʨʝʥʠʤ ʫʯʝʥʠʮʠʤʘ. ɼʨʫʛʦ ʧʦʛʣʘʚˀʝ ʯʠʥʠ 

ʪʝʦʨʠʿʩʢʠ ʜʝʦ,  ʦʩʦʙʠʥʝ ʠ ʚʝʟʝ ʩʨʝʜʠʥʝ ʙʨʦʿʝʚʘ  (ʘʨʠʪʤʝʪʠʯʢʘ, 

ʛʝʦʤʝʪʨʠʿʩʢʘ, ʭʘʨʤʦʥʠʿʩʢʘ ʠ ʢʚʘʜʨʘʪʥʘ). ʋ ʪʨʝ˂ʝʤ ʧʦʛʣʘʚˀʫ ʿʝ ʧʨʠʤʝʥʘ 

ʙʨʦʿʝʚʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʘ ʙʨʦʿʥʠʤ ʧʨʠʤʝʨʠʤʘ, ʢʦʿʝ ʤʦʛʫ ʜʘ ʢʦʨʠʩʪʝ 

ʫʯʝʥʠʮʠ ʦʩʥʦʚʥʝ ʠ ʩʨʝʜˁʝ ʰʢʦʣʝ.  ʏʝʪʚʨʪʦ ʧʦʛʣʘʚˁʝ ʩʫ ʠʥʪʝʨʝʩʘʥʪʥʝ 

ʣʦʛʘʨʠʪʘʤʩʢʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʫ ʯʠʿʝʤ ʜʦʢʘʟʠʚʘˁʫ ʩʝ ʢʦʨʠʩʪʝ 

Ăʥʝʿʝʜʥʘʢʦʩʪʠ ʩʨʝʜʠʥʘñ. ʇʝʪʦ ʧʦʛʣʘʚˀʝ ʿʝ  ʂʦʰʠ- ʐʚʘʨʮʦʚʘ 

ʥʝʿʝʜʥʘʢʦʩʪ ʩʘ ʧʨʠʤʝʥʦʤ ʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʨʝʜʠʥʘ,  ʥʝʿʝʜʥʘʢʦʩʪʠ  ʠʟ 

ʛʝʦʤʝʪʨʠʿʝ, ʢʘʦ ʠ ʫ ʩʢʫʧʫ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ. ʂʦʨʠʰ˂ʝˁʝ  ʦʚʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ ʯʝʩʪʦ, ʘʢʦ ʩʝ ʫʦʯʠ ʠ ʧʨʝʧʦʟʥʘ ˁʝʥʘ ʧʨʠʤʝʥʘ. 

ʅʘʿʦʙʠʤʥʠʿʝ ʧʦʛʣʘʚˀʝ ʿʝ ʰʝʩʪʦ ʛʜʝ ʩʝ ʦʙʨʘʹʫʿʫ ʛʝʦʤʝʪʨʠʿʩʢʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ, ʟʘ ʝʣʝʤʝʥʪʝ ʪʨʦʫʛʣʘ, ʧʨʠʤʝʥʘ ʥʘ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ,  

ʤʥʦʛʦʫʛʣʦʚʝ ʢʘʦ ʠ ʩʪʝʨʝʦʤʝʪʨʠʿʩʢʝ ʥʝʿʝʜʥʘʢʦʩʪʠ. ʄʘʪʝʨʠʿʘʣ ʿʝ 

ʠʥʪʝʨʝʩʘʥʪʘʥ ʟʘ ʫʯʝʥʠʢʝ ʚʠʰʠʭ ʨʘʟʨʝʜʘ ʦʩʥʦʚʥʝ ʢʘʦ ʠ ʩʨʝʜˁʝ ʰʢʦʣʝ, 

ʢʘʦ ʠ ʟʘ ʧʨʦʬʝʩʦʨʝ ʢʦʿʠ ʩʝ ʙʘʚʝ ʪʠʤ ʛʨʘʜʠʚʦʤ. ʂʦʨʠʰ˂ʝʥʝ ʩʫ ʧʦʟʥʘʪʝ  

ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʿʝʜʥʘʢʦʩʪʠ ʠ  ʪʨʘʥʩʬʦʨʤʘʮʠʿʝ. 

ʇʦʿʝʜʠʥʠ ʟʘʜʘʮʠ ʩʫ ʠʣʫʩʪʨʦʚʘʥʠ  ʮʨʪʝʞʠʤʘ, ʫʢʫʧʥʦ 19 ʮʨʪʝʞʘ ʫ 

ʧʦʛʣʘʚˀʫ. ʉʝʜʤʦ ʧʦʛʣʘʚˀʝ ʦʙʫʭʚʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʟʘ ʦʜʨʝʹʠʚʘˁʝ 

ʝʢʩʪʨʤʥʠʭ ʚʨʝʜʥʦʩʪʠ ʰʪʦ ʿʝ ʩʘʜʨʞʘʿ ʤʥʦʛʠʭ ʪʘʢʤʠʯʝˁʘ 

ʩʨʝʜˁʦʰʢʦʣʘʮʘ, ʢʘʦ ʠ  ˀʫʙʠʪʝˀʘ ʤʘʪʝʤʘʪʠʯʢʠʭ ʟʘʜʘʪʘʢʘ. ʎʠˀ ʿʝ ʜʘ ʩʝ 

ʦʜʨʝʜʠ ʤʠʥʠʤʘʣʥʘ ʠʣʠ ʤʘʢʩʠʤʘʣʥʘ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ ʠʣʠ ʬʫʥʢʮʠʿʝ, 

ʯʝʩʪʦ ʫʟ ʜʦʜʘʪʥʠ ʫʩʣʦʚ ʥʘ ʧʨʦʤʝʥˀʠʚʠʤ. ʆʚʠ ʧʨʦʙʣʝʤʠ ʚʘʨʠʨʘʿʫ ʦʜ 

ʿʝʜʥʦʩʪʘʚʥʠʿʠʭ ʜʦ ʿʘʢʦ ʪʝʰʢʠʭ. ʅʘʿʯʝʰ˂ʝ ʿʝ ʧʦʪʨʝʙʥʦ ʧʨʠʤʝʥʠʪʠ ʥʘ 

ʧʨʘʚʠ ʥʘʯʠʥ ʥʝʢʫ ʦʜ ʧʦʟʥʘʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʠʩʢʦʨʠʩʪʠʪʠ ʜʘʪʠ ʫʩʣʦʚ ʥʘ 

ʧʨʦʤʝʥˀʠʚʠʤ. ʂʦʜ ʨʝʰʘʚʘˁa ʟʘʜʘʪʘʢʘ  ʠʟ ʦʚʦʛ ʜʝʣʘ ʧʦʪʨʝʙʥʦ ʿʘ ʜʦʙʨʦ 

ʧʦʟʥʘʚʘˁʝ ʧʦʣʠʥʦʤʘ. ʋ ʦʩʤʦʤ ʧʦʛʣʘʚˀʫ ʿʝ ʏʝʙʠʰʝʚˀʝʚʘ ʥʝʿʝʜʥʘʢʦʩʪ 

ʩʘ ʧʨʠʤʝʥʦʤ ʥʘ ʟʘʜʘʮʠʤʘ ʠʟ ʛʝʦʤʝʪʨʠʿʝ ʠ ʩʢʫʧʫ ʧʨʠʨʦʜʥʠʭ ʙʨʦʿʝʚʘ. 

ɿʘʚʨʰʥʦ, ʜʝʚʝʪʦ ʧʦʛʣʘʚˀʝ ʿʝ ʐʫʨʦʚʘ ʥʝʿʝʜʥʘʢʦʩʪ ʩʘ ʧʨʠʤʝʥʦʤ ʥʘ 

ʩʢʫʧʫ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ. 

 

ɾʝʣʠʤ ʜʘ ʠʟʨʘʟʠʤ ʜʫʙʦʢʫ ʟʘʭʚʘʣʥʦʩʪ ʩʚʦʤ ʤʝʥʪʦʨʫ, ʧʨʦʬʝʩʦʨʫ ʜʨ 

ʉʠʥʠʰʠ ʎʨʚʝʥʢʦʚʠ˂ʫ ʥʘ ʜʨʘʛʦʮʝʥʦʤ ʩʪʨʫʯʥʦʤ ʫʩʤʝʨʘʚʘˁʫ ʧʨʠʣʠʢʦʤ 

ʠʟʨʘʜʝ ʦʚʦʛ ʨʘʜʘ ʠ ʫʢʫʧʥʦʿ ʧʦʜʨʰʮʠ ʢʦʿʫ ʩʘʤ ʠʤʘʣʘ. ʊʘʢʦʹʝ ʩʝ 

ʟʘʭʚʘˀʫʿʝʤ ʧʨʦʬʝʩʦʨʠʤʘ ʜʨ ɲʠˀʘʥʠ ɻʘʿʠ˂ ʠ ʜʨ ɿʘʛʦʨʢʠ ʎʨʚʝʥʢʦʚʠ˂ 

ʃʦʟʘʥʦʚ ʢʦʿʝ ʩʫ ʧʨʠʭʚʘʪʠʣʝ ʜʘ ʙʫʜʫ ʧʨʝʜʩʝʜʥʠʢ ʠ ʯʣʘʥ  ʢʦʤʠʩʠʿʝ ʫ 

ʦʮʝʥʠ ʦʚʦʛ ʨʘʜʘ. 
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1. ʋʆʇʐʊɽʅʆ ʆ ʅɽɱɽɼʅɸʂʆʉʊʀ 

 

                          Ăɸʢʦ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʜʘʤʦ (ʠʣʠ ʦʜʫʟʤʝʤʦ) ʿʝʜʥʘʢʝ, 

ʦʩʪʘʿʫ   ʥʝʿʝʜʥʘʢʝ.ñ 

                        ( ɽʫʢʣʠʜ, ɽʣʝʤʝʥʪʠ; ʆʩʦʙʠʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʠʟ ʊʝʦʨʝʤʝ 5) 

 

ʅʝʿʝʜʥʘʢʦʩʪʠ ʩʫ ʩʪʝʢʣʝ ʟʥʘʯʘʿʥʦ ʤʝʩʪʦ ʫ ʤʘʪʝʤʘʪʠʮʠ ʫ ʜʦʙʘ ɻʘʫʩʘ 

(Gauss, 1777-1855, ʥʝʤʘʯʢʠ ʤʘʪʝʤʘʪʠʯʘʨ, ʬʠʟʠʯʘʨ, ʘʩʪʨʦʥʦʤ), ʂʦʰʠʿʘ 

(Couchy, 1789-1857, ʬʨʘʥʮʫʩʢʠ ʤʘʪʝʤʘʪʠʯʘʨ) ʠ ʏʝʙʠʰʝʚʘ (ʏʝʙʳʰʸʚ, 

1821-1894, ʨʫʩʢʠ ʤʘʪʝʤʘʪʠʯʘʨ). ɺʝ˂ ʪʘʜʘ ʿʝ ʜʘʪ ʪʝʦʨʠʿʩʢʠ ʟʥʘʯʘʿ 

ʘʧʨʦʢʩʠʤʘʪʠʚʥʠʤ ʤʝʪʦʜʘʤʘ. ʉʘ ʫʧʦʨʝʹʠʚʘˁʝʤ ʜʚʝ ʠʣʠ ʚʠʰʝ 

ʤʘʪʝʤʘʪʠʯʢʠʭ ʚʝʣʠʯʠʥʘ ʩʪʘʥʜʘʨʜʥʦ ʦʙʨʘʟʦʚʘˁʝ ʥʘʩ ʫʧʦʟʥʘʿʝ ʥʘ ʩʘʤʦʤ 

ʧʦʯʝʪʢʫ ʦʙʨʘʟʦʚʘˁʘ. ʇʦʩʪʦʿʝ ʚʠʰʝ ʪʠʧʦʚʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʣʠʥʝʘʨʥʝ, 

ʢʚʘʜʨʘʪʥʝ, ʧʦʣʠʥʦʤʥʝ, ʣʦʛʘʨʠʪʘʤʩʢʝ, ʛʝʦʤʝʪʨʠʿʩʢʝ, ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ,.. 

ɼʨʫʛʘ ʧʦʜʝʣʘ ʙʠ ʙʠʣʘ ʥʘ: 

 
1. ̂ͫ ͍͔ͦͤ͡ ό ͔͔ͤ͒ͤ͊ͦͫͭ͟͞ ͔͞ ͔͒ͺ͙͙ͤͫ͊ͤ͊ ͫ͊ͣͦ ͊͘ ͔ͦ͒ͪΏ͔͔ͤ ͍͔͙ͪ͒ͤͦͫͭ 
͔͙͍͔ͨͪͦͣͤ͢Σͨͦ͒ ͙͍͔͙ͫͤͣ͘ ͎͙ͦͪ͊ͤ;͔͙ͥͣ͊ύ  

2. ˣ͔͍͔ͯͫͦͤ͘͡ ό ͔͊ͨͫͦͯͭͤ͡Σ ͊ͦ͟ ͔͞ ͔͔ͤ͒ͤ͊ͦͫͭ͟͞ ͙ͫͭ͊ ͊͘ ͍͔ͫ ͍͔͙ͪ͒ͤͦͫͭ 
͔͙͍͔ͨͪͦͣͤ͢ ͊͘ ͔ͦ͟͞ ͫͯ ;͍͙͊ͤͦ͡ ͔͔͙ͤ͒ͤ͊ͦͫͭ͟͞ ͔͒ͺ͙͙͙ͤͫ͊ͤύΦ  
 

ʇʦʨʝʜ ʪʝ ʧʦʜʝʣʝ ʠʤʘʤʦ  ʙʨʦʿʝʚʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʦʥʝ ʥʝ ʩʘʜʨʞʝ 

ʧʨʦʤʝʥˀʠʚʫ ʠ  ʘʣʛʝʙʘʨʩʢʝ ʥʝʿʝʜʥʘʢʦʩʪʠ  ʢʦʿʝ ʩʘʜʨʞʝ ʿʝʜʥʫ ʠʣʠ ʚʠʰʝ 

ʧʨʦʤʝʥˀʠʚʠʭ.  

 

ɼʚʘ ʠʟʨʘʟʘ ʧʦʚʝʟʘʥa ʿʝʜʥʠʤ ʦʜ ʟʥʘʢʦʚʘ , , ,  ʠʣʠ  ʯʠʥʝ 

ʥʝʿʝʜʥʘʢʦʩʪ. 
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1.1. ɼʝʬʠʥʠʮʠʿʝ, ʪʝʦʨʝʤʝ ʠ ʪʚʨʹʝˁʘ ʦ 

ʥʝʿʝʜʥʘʢʦʩʪʠʤʘ 

 

 

ɼʝʬʠʥʠʮʠʿʘ 1.  

ʀʟʤʝʹʫ ʜʚʘ ʨʝʘʣʥʘ ʙʨʦʿʘ ʘ ʠ b ʚʘʞʠ ʩʘʤʦ ʿʝʜʥʘ ʦʜ ʨʝʣʘʮʠʿʘ ʘ  b, ʘ  b 

ʠʣʠ ʘ  b. 

 

ʊʚʨʹʝˁʝ 1.1.  

ɸʢʦ ʿʝ ʟʘ ʜʚʘ ʨʝʘʣʥʘ ʙʨʦʿʘ ʘ ʠ b, ʘ  b, ʪʘʜʘ ʿʝ b  ʘ ʠ ʦʙʨʘʪʥʦ, ʘʢʦ ʿʝ  

b  ʘ, ʪʘʜʘ ʿʝ ʘ  b. 

 

ɼʦʢʘʟ.  

ʘ) ɻʝʦʤʝʪʨʠʿʩʢʠ ʛʦʨˁʝ ʪʚʨʹʝˁʝ ʿʝ ʦʯʠʛʣʝʜʥʦ, ʧʘ  ʥʝʿʝʜʥʘʢʦʩʪʠ ʘ  b ʠ 

b  ʘ ʠʤʘʿʫ ʠʩʪʦ ʟʥʘʯʝˁʝ. ʊʘʯʢʘ ʢʦʿʘ ʦʜʛʦʚʘʨʘ ʙʨʦʿʫ ʘ ʥʘʣʘʟʠ ʩʝ ʥʘ 

ʙʨʦʿʝʚʥʦʿ ʧʨʘʚʠ ʜʝʩʥʦ ʦʜ ʪʘʯʢʝ ʢʦʿʘ ʦʜʛʦʚʘʨʘ ʙʨʦʿʫ b. 

ʙ) ɸʣʝʛʝʙʘʨʩʢʠ ʧʦʩʤʘʪʨʘʥʦ, ʥʝʿʝʜʥʘʢʦʩʪ ʘ  b ʟʥʘʯʠ ʜʘ ʿʝ ʨʘʟʣʠʢʘ 

ʘ-b  0, ʧʘ ʿʝ ʨʘʟʣʠʢʘ b-ʘ =  -(ʘ-b)  0.  

ʆʙʨʘʪʥʦ, ʘʢʦ ʿʝ b  ʘ, ʪʘʜʘ ʿʝ ʨʘʟʣʠʢʘ b-ʘ  0, ʧʘ  ʘ-b = -(b-ʘ)  0, ʰʪʦ 

ʟʥʘʯʠ ʜʘ ʿʝ ʘ  b. 

 

ʊʚʨʹʝˁʝ 1.2.  

ɸʢʦ  ʿʝ ʟʘ  ʘ, b, ʩ  ʨʝʘʣʥʝ ʙʨʦʿʝʚʝ, ʘ  b ʠ b  ʩ, ʪʘʜʘ ʿʝ ʘ  ʩ. 

 

ɼʦʢʘʟ.   

ʀʟ ʘ  b ʩʣʝʜʠ ʘ-b  0 ʠ ʠʟ b  ʩ ʩʣʝʜʠ b-ʩ  0. ɿʙʠʨ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

(ʘ-b)+(b-ʩ)  0, ʦʜʥʦʩʥʦ. ʘ-ʩ  0, ʧʘ ʿʝ ʘ  ʩ. 

 

ʊʚʨʹʝˁʝ 1.3.  

ɸʢʦ ʿʝ ʘ  b, ʦʥʜʘ ʿʝ ʘ+ʩ  b+ʩ. 

 

ɼʦʢʘʟ.   

ʀʟ ʘ  b ʩʣʝʜʠ ʘ-b  0. ʂʘʢʦ ʿʝ ʘ-b = (ʘ+ʩ)-(b+ʩ) ʩʣʝʜʠ (ʘ+ʩ)-(b+c)  0, 

ʦʜʥʦʩʥʦ ʘ+c  b+c. 

 

ʊʚʨʹʝˁʝ 1.4.  

ʘ) ɸʢʦ ʿʝ ʘ  b ʠ c  0, ʦʥʜʘ ʿʝ ac  bc. 

ʙ) ɸʢʦ ʿʝ ʘ  b ʠ c  0, ʦʥʜʘ ʿʝ ac  bc. 
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ɼʦʢʘʟ.  

ʘ) ɸʢʦ ʿʝ ʘ  b   ʘ-b  0 ʠ c   0 

    (ʘ-b) c  0 

    ac ï bc  0 

    ac  bc. 

ʙ) ɸʢʦ ʿʝ ʘ  b  ʘ-b  0 ʠ c   0 

    (ʘ-b) c  0 

    ac ï bc  0 

    ac  bc. 

 

 

ʊʚʨʹʝˁʝ 1.5.  

ɸʢʦ ʿʝ ʘ  b ʠ ʘ-b  0, ʪʘʜʘ ʿʝ 
ba

11
. 

 

ʊʚʨʹʝˁʝ 1.6.  

ɸʢʦ ʿʝ ʘ  b ʠ c  d ʛʜʝ ʿʝ b  0 ʠ d  0 (ʘ ʩʘʤʠʤ ʪʠʤ ʠ ʘ  0, c  0), ʪʘʜʘ 

ʿʝ ac  bd. ɸʢʦ ʿʝ  ʘ  b, c  d, ʘ  0 ʠ c  0, ʪʘʜʘ ʿʝ ac  bd. 

 

ʊʚʨʹʝˁʝ 1.7.  

ɸʢʦ ʩʫ ʘ, m, n ʧʨʠʨʦʜʥʠ ʙʨʦʿʝʚʠ, ʘ  1 ʠ m  n, ʦʥʜʘ ʿʝ ʘ
m
  ʘ

n
. 

 

ʊʚʨʹʝˁʝ 1.8.  

ɸʢʦ ʩʫ ʘ ʠ b ʧʨʠʨʦʜʥʠ ʙʨʦʿʝʚʠ ʠ ʘ  b, ʦʥʜʘ ʿʝ ʘ
2
  (ʘ-b) (a+b). 

 

ɼʦʢʘʟ. ʘ
2
  ʘ

2
-b

2
 = (ʘ-b) (a+b) 

 

ʊʚʨʹʝˁʝ 1.9.  

ɸʢʦ ʩʫ ʘ ʠ b ʧʨʠʨʦʜʥʠ ʙʨʦʿʝʚʠ ʠ ʘ  b, ʦʥʜʘ ʿʝ 
1

1

b

a

b

a
. 

 

ɼʦʢʘʟ.  

ɸʢʦ ʿʝ ʘ  b, ʦʥʜʘ ʿʝ ʨʘʟʣʠʢʘ 
)1()1(

)1()1(

1

1

bb

ba

bb

abba

b

ʘ

b

a
 

ʥʝʛʘʪʠʚʥʘ, ʯʠʤʝ ʿʝ ʜʦʢʘʟʘʥʦ ʪʚʨʹʝˁʝ. 

 

ʊʚʨʹʝˁʝ 1.10.  

ɿʘ ʩʚʘʢʠ ʧʨʠʨʦʜʘʥ ʙʨʦʿ ʘ ʿʝ 
14

12

12

1

a

a

a

a
. 
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ɼʦʢʘʟ. 

)14)(12()14)(12(

)12()1)(14(

14

12

12

1 2

aa

a

aa

aaa

a

a

a

a
.  

 

ɿʥʘʯʠ ʜʘ ʿʝ ʨʘʟʣʠʢʘ ʚʝ˂ʘ ʦʜ ʥʫʣʝ. ʊʠʤʝ ʿʝ ʪʚʨʹʝˁʝ ʜʦʢʘʟʘʥʦ. 

 

ʊʚʨʹʝˁʝ 1.11.  

ɸʢʦ ʿʝ ʘ  b ʠ ʘ  0, b  0, ʦʥʜʘ ʿʝ 
11 b

b

a

a
. 

 

ɼʦʢʘʟ.  

1

1
1

1

11

1 ʘʘ

a

a

a
, ʰʪʦ ʟʥʘʯʠ ʜʘ ʩʝ ʨʘʟʣʦʤʘʢ 

1ʘ

a
  

 

ʧʦʚʝ˂ʘʚʘ ʩʘ ʧʦʚʝ˂ʘˁʝʤ ʘ. 

 

ʊʚʨʹʝˁʝ 1.12.  

ɸʢʦ ʿʝ ʨʝʘʣʘʥ ʙʨʦʿ ʘ  0, ʦʥʜʘ ʿʝ ʘ
2
  0.  

 

ʊʚʨʹʝˁʝ 1.13.  

ɸʢʦ ʩʫ ʘ ʠ b ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ, ʪʘʜʘ ʿʝ 2
a

b

b

a
.  

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʘ = b. 

 

ɼʦʢʘʟ.  

ɸʢʦ ʥʝʿʝʜʥʘʢʦʩʪ ( a-b)
2 

 0,
 
 a

2
+b

2
  2ab ʧʦʜʝʣʠʤʦ ʩʘ ab, ʜʦʙʠʿʘʤʦ 

2
22

ab

b

ab

a
 ʠ 2

a

b

b

a
. ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʘ = b. 

 

ʏʝʩʪʦ ʩʝ ʢʦʨʠʩʪʠ ɹʝʨʥʫʣʠʿʝʚʘ (ɱ. Bernoulli ) ʥʝʿʝʜʥʘʢʦʩʪ,  ʩʣʝʜʝ˂ʘ 

ʪʝʦʨʝʤʘ 1.1.  ʿʝ ʜʦʙʠʣʘ ʥʘʟʠʚ ʧʦ ʠʤʝʥʫ ʰʚʘʿʮʘʨʩʢʦʛ ʤʘʪʝʤʘʪʠʯʘʨʘ 

ʭʦʣʘʥʜʩʢʦʛ ʧʦʨʝʢʣʘ (1654-1705). 

 

ʊʝʦʨʝʤʘ 1.1.  

ɿʘ ʩʚʘʢʠ ʨʝʘʣaʥ ʙʨʦʿ x  -2 ʠ ʧʨʠʨʦʜʘʥ ʙʨʦʿ n ʚʘʞʠ (1+x)
n
  1+n x. 

 

ɼʦʢʘʟ.  

ʈʘʟʣʠʢʦʚʘ˂ʝʤʦ ʜʚʘ ʩʣʫʯʘʿʘ: x  -1 ʠ -2  x  -1. 
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ʘ) ɼʦʢʘʟʘ˂ʝʤʦ ʪʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ ʟʘ x  -1 ʤʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʢʝ 

ʠʥʜʫʢʮʠʿʝ. ɿʘ n = 1 ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʩʪʘʿʝ ʠʜʝʥʪʠʪʝʪ. ʇʨʝʪʧʦʩʪʘʚʠ˂ʝʤʦ ʜʘ 

ʥʝʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʧʨʦʠʟʚʦˀʘʥ ʧʨʠʨʦʜʘʥ ʙʨʦʿ k, ʧʘ ʿʝ (1+x)
k
  1+k x.  

ʄʥʦʞʝ˂ʠ ʦʚʫ ʥʝʿʝʜʥʘʢʦʩʪ ʩʘ 1+x  0 ʜʦʙʠʿʘʤʦ 

(1+x) (1+x)
k
  (1+k x) (1+x), ʠʟ ʯʝʛʘ ʩʣʝʜʠ ʜʘ ʿʝ (1+x)

k+1
  1+(k+1) x+kx

2
. 

ʇʦʰʪʦ ʿʝ kx
2
  0, ʜʦʙʠʿʘʤʦ (1+x)

k+1
  1+(k+1) x.  

ɼʦʢʘʟʘʥʘ ʿʝ ʥʝʿʝʜʥʘʢʦʩʪ ʟʘ x  -1. 

 

ʙ) ɸʢʦ ʿʝ -2  x  -1, ʪʘʜʘ ʿʝ (1+x)
n
  -|1+x|

n
  -|1+x| = 1+x  1+n x. 

 

 

1.2. ʅʝʿʝʜʥʘʢʦʩʪʠ ʩʘ ʘʧʩʦʣʫʪʥʠʤ ʚʨʝʜʥʦʩʪʠʤʘ ʙʨʦʿʘ 
 

 

ɿʘ ʙʠʣʦ ʢʦʿʘ ʜʚʘ ʨʝʘʣʥʘ ʙʨʦʿʘ x ʠ y, ʚʘʞʠ ʜʘ ʩʫ ʦʥʠ ʿʝʜʥʘʢʠ ʠʣʠ ʿʝ ʿʝʜʘʥ 

ʦʜ ˁʠʭ ʚʝ˂ʠ ʦʜ ʜʨʫʛʦʛ. ɿʘʢˀʫʯʫʿʝʤʦ, ʘʢʦ ʿʝ x   y, ʦʥʜʘ ʿʝ y = max{ x,y}.  

 

ɼʝʬʠʥʠʮʠʿʘ 2.  

ɹʨʦʿ max{ x, -x} ʥʘʟʠʚʘ ʩʝ ʘʧʩʦʣʫʪʥʘ ʚʨʝʜʥʦʩʪ ʠʣʠ ʤʦʜʫʦ ʙʨʦʿʘ x ʫ 

ʦʟʥʘʮʠ |x|. 

 

ʊʝʦʨʝʤʘ 1.2.  

ɿʘ ʩʚʘʢʠ ʨʝʘʣʘʥ ʙʨʦʿ x ʚʘʞʠ: 

            ʘ) |x| =  

 ʙ) |-x| = |x| 

 ʚ) x  |x|. 

 

ʅʝʢʝ ʚʘʞʥʝ ʦʩʦʙʠʥʝ ʘʧʩʦʣʫʪʥʝ ʚʨʝʜʥʦʩʪʠ ʙʨʦʿʘ ʧʦʚʝʟʘʥʝ ʩʘ 

ʥʝʿʝʜʥʘʢʦʩʪʠʤʘ ʠʤʘʿʫ ʚʝʣʠʢʫ ʧʨʠʤʝʥʫ. ʉʣʝʜʝ˂ʘ ʪʝʦʨʝʤʘ ʿʝ ʧʦʟʥʘʪʘ ʧʦ 

ʥʘʟʠʚʫ ñʥʝʿʝʜʥʘʢʦʩʪ ʪʨʦʫʛʣʘò ʠ ʠʤʘ ʟʥʘʯʘʿʥʫ ʧʨʠʤʝʥʫ ʫ ʨʝʰʘʚʘˁʫ 

ʟʘʜʘʪʘʢʘ. 

 

ʊʝʦʨʝʤʘ 1.3.  

ɿʘ ʩʚʘʢʘ ʜʚʘ ʨʝʘʣʥʘ ʙʨʦʿʘ x ʠ y ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ |x+y|  |x|+|y|. 

 

ɼʦʢʘʟ.  ɸʢʦ ʿʝ x+y  0, ʪʘʜʘ ʿʝ |x+y|  x+y  |x|+|y|.   

ɸʢʦ ʿʝ x+y < 0, ʪʘʜʘ ʿʝ |x+y|  =  -(x+y)  =  (-x)+(-y)  |x|+|y|. 

 

ʋʦʧʰʪʝˁʝʤ Tʝʦʨʝʤʝ 1.2. ʙʠ ʩʝ ʜʦʙʠʣʘ ʥʝʿʝʜʥʘʢʦʩʪ 
n

i

i

n

i

i xx
11

. 
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ɼʦʢʘʟ. ɿʘ n=1 ʥʝʿʝʜʥʘʢʦʩʪ ʚʘʞʠ. 

 

ɿʘ n  2, 
1

1

1

1

1

1

1

1

1

1

n

i

in

n

i

in

n

i

in

n

i

i

n

i

i xxxxxxxx . 

 

ʊʝʦʨʝʤʘ 1.4.  

ɿʘ ʨʝʘʣʥʝ ʙʨʦʿʝʚʝ x ʠ y ʚʘʞʠ: yxyxyx . 

 

ɼʦʢʘʟ. ʅʝʢʘ ʿʝ x-y = z, ʧʘ ʿʝ x = y+z. ʅʘ ʦʩʥʦʚʫ ʧʨʝʪʭʦʜʥʝ ʪʝʦʨʝʤʝ ʿʝ 

|x|=|y+z|  |y|+|z|, ʟʥʘʯʠ ʜʘ ʿʝ |z|  |x|-|y| ʠʣʠ |x-y|  |x|-|y|. ʇʦʰʪʦ ʿʝ 

|x-y| = |x+(-y)|  |x|+|-y| = |x|+|y|, ʪʠʤʝ ʿʝ ʜʝʩʥʠ ʜʝʦ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʢʘʟʘʥ. 

ʇʦʨʝʜ ʪʦʛʘ, ʪʘʯʥʘ ʿʝ ʠ ʥʝʿʝʜʥʘʢʦʩʪ  |y|-|x|  |x-y|  ʿʝʨ ʿʝ  |x-y| = |y-x|. 

ɺʨʝʜʥʦʩʪ  ||x|-|y||  ʤʦʞʝ ʙʠʪʠ ʿʝʜʥʘʢʘ  |x|-|y|  ʠʣʠ  ï(|x|-|y|) ,  ʪʘʢʦ ʜʘ ʿʝ ʠ 

||x|-|y||  |x-y|. 

 

 

1.3. ʇʨʠʤʝʥʘ ʿʝʜʥʦʩʪʘʚʥʠʿʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ 
 

 

1. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 2
n
  n

2
, n  5. 

 

ʈʝʰʝˁʝ:  

ɿʘ n = 1 ʜʦʙʠʿʘ ʩʝ ʪʘʯʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ɿʘ n = 2 ʜʦʙʠʿʘ ʩʝ ʥʝʪʘʯʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ɿʘ n = 3 ʝʿ 8   9 ʥʠʿʝ ʪʘʯʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ɼʦʢʘʞʠʤʦ ʜʘ ʿʝ ʥʝʿʝʜʥʘʢʦʩʪ ʪʘʯʥʘ ʟʘ n  5, ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʩʪʘʿʝ 2
5

 5
2
, 

ʰʪʦ ʿʝ ʪʘʯʥʦ.  

 

ɸʢʦ ʿʝ n  5, ʪʘʜʘ ʿʝ 
5

11

n
 ʠ 

25

11
2n

, ʧʘ ʿʝ 

2
25

36

25

1

5

2
1

22
1

12
1)

1
1(

)1(
22

2

2

2

nnnnnn

n
.  

ɿʥʘʯʠ ʜʘ ʿʝ 2 > 
2

2)1(

n

n
. 

ʄʥʦʞʝˁʝʤ ʧʨʝʪʭʦʜʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ 2
n
  n

2
 ʜʦʙʠʿʘ ʩʝ 

 2
n

2 > n
2

2

2)1(

n

n
, ʦʜʥʦʩʥʦ  2

n+1
 > (n+1)

2
, ʟʘ n  5. 

ɿʘʢˀʫʯʫʿʝʤʦ ʪʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ ʟʘ ʩʚʘʢʦ n  5 ʠʟ ʠʤʧʣʠʢʘʮʠʿʝ  

2
n
 < n

2
  2

n+1
 < (n+1)

2
. 
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2. ʐʪʘ ʿʝ ʚʝ˂ʝ 
2

525
 ʠʣʠ 

56

1
? 

 

ʈʝʰʝˁʝ:  

ɸʢʦ ʿʝ 5
2

5

2

525
x  ʠ y = 56

56

1
, ʪʘʜʘ ʿʝ  

06
2

5
565

2

5
yx  ʿʝʨ ʿʝ 6

2

5
 ʟʙʦʛ 6)

2

5
(

4

25 2
.  

ɿʥʘʯʠ ʜʘ ʿʝ x > y, ʧʘ ʿʝ 
56

1

2

525
. 

 

3. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 3237175 . 

 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ 417  ʠ 637 , ˁʠʭʦʚ ʟʙʠʨ ʿʝ 

103717 , ʠʟ ʯʝʛʘ ʜʦʜʘʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ 25  ʜʦʙʠʿʘʤʦ 

91352105237175 , ʧʘ ʿʝ 

39237175 . 

 

4. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 19
91

-91
19

 > 0. 

 

ʈʝʰʝˁʝ:  
ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ  

19
91

 > 16
91

 = (2
4
)
91

 = 2
364

 = (2
7
)
52

=128
52

 > 91
52

 > 91
19

,  

ʟʥʘʯʠ ʜʘ ʿʝ 19
91

> 91
19
, ʧʘ ʿʝ ʠ ˁʠʭʦʚʘ ʨʘʟʣʠʢʘ ʚʝ˂ʘ ʦʜ ʥʫʣʝ. 

 

5. ʘ) ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʘʢʠ ʧʨʠʨʦʜʘʥ ʙʨʦʿ n  2 ʚʘʞʠ 
)1(

11

nnn
. 

ʙ) ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 1)
2010

1
(...)

3

1
()

2

1
( 201032

. 

 

ʈʝʰʝˁʝ:  

ʘ) ɿʘ n  2 ʚʘʞʠ n
2
 > n (n-1), ʘ ʠʟ ʪʦʛʘ ʩʣʝʜʠ ʜʘ ʿʝ 

)1(

11
2 nnn

. 

 

ʙ) ʉʣʝʜʝ˂ʠ ʥʠʟ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʘʿʝ ʨʝʰʝˁʝ 
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20102009

1
...

32

1

21

1

)
2010

1
(...)

3

1
()

2

1
()

2010

1
(...)

3

1
()

2

1
( 222201032

.1
2010

1
1)

2010

1

2009

1
(...)

3

1

2

1
()

2

1

1

1
(  

 

6. ɸʢʦ ʩʫ ʘ ʠ b ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ ʠ ʘ > b, ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ  

(a+b)
100

 < 2
100

(a
100

+b
100

). 

 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʜʘ ʿʝ b < a, ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ a+b < 2ʘ.  

ʆʜʘʚʜʝ ʩʣʝʜʠ   (a+b)
100

 < 2
100
ʘ

100
 < 2

100
ʘ

100
+2

100
b

100
 = 2

100
(ʘ

100
+b

100
). 

 

7. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

ʘ) 10
100

1
...

2

1

1

1
 

ʙ) 
9

1

81

80

79

78
...

6

5

4

3

2

1
. 

 

ʈʝʰʝˁʝ:  

ʘ) ʆʯʠʛʣʝʜʥʦ ʿʝ 
10

1

100

1
,...,

10

1

2

1
,

10

1

1

1
,  

ʧʘ ʿʝ 
10

1
100

100

1
...

2

1

1

1
. 

 

ʙ) ʋʦʯʠʤʦ ʜʘ ʿʝ 
82

81

81

80
,

80

79

79

78
...,,

5

4

4

3
,

3

2

2

1
.  

 

ɸʢʦ ʧʦʤʥʦʞʠʤʦ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʜʦʙʠʿʘʤʦ 

82

81

80

79
...

7

6

5

4

3

2

81

80

79

78
...

6

5

4

3

2

1
.  

ʅʝʢʘ ʿʝ 
81

80

79

78
...

6

5

4

3

2

1
x  ʠ ʫʦʯʠʤʦ ʜʘ ʥʘ ʜʝʩʥʦʿ ʩʪʨʘʥʠ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʠʤʘʤʦ ʙʨʦʿ 
82

11

x
, ʧʘ ʿʝ 

x
x

82

1
, ʦʜʥʦʩʥʦ 

81

1

82

12x , 

ʠʟ ʯʝʛʘ ʩʣʝʜʠ ʜʘ ʿʝ 
9

1
x , ʰʪʦ ʩʝ ʠ ʪʚʨʜʠʣʦ. 
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8. ɼʦʢʘʟʘʪʠ ʪʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ 
4

1

20102008

1
...

64

1

42

1
. 

 

ʈʝʰʝˁʝ:  

ɼʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠʤʘ 

 
4

1
)

10051004

1
...

43

1

32

1

21

1
(

22

1
 

 
4

1
)

1005

1

1004

1
...

3

1

2

1

2

1

1

1
(

4

1
 

 
4

1
)

1005

1
1(

4

1
 

 .
4

1

4020

1

4

1

 
 

 

9. ɿʘ ʯʝʪʠʨʠ ʙʨʦʿʘ ʘ, b, c, d ʚʘʞʠ d > c, a+b = c+d, ʘ+d < b+c. 

ʋʧʦʨʝʜʠʪʠ ʪʘ ʯʝʪʠʨʠ ʙʨʦʿʘ ʧʦ ʚʝʣʠʯʠʥʠ. 

 

ʈʝʰʝˁʝ:  

ʀʟ ʧʨʝʪʧʦʩʪʘʚʢʝ ʘ+d < b+c ʩʣʝʜʠ ʘ+d+b < 2b+c, ʧʘ ʢʦʨʠʩʪʝ˂ʠ a+b = c+d 

ʜʦʙʠʿʘʤʦ c +2d < 2b+c, ʧʘ ʿʝ d < b.  

ʉʣʠʯʥʦ, ʘ+d < b+c, ʩʣʝʜʠ ʘ+d+c < b+2c.  

ʀʟ a+b = c+d ʜʦʙʠʿʘʤʦ 2a+b < b+2c, ʧʘ ʿʝ  ʘ < c.  

ʂʦʨʠʩʪʝ˂ʠ ʧʨʝʪʧʦʩʪʘʚʢʫ c < d cʣʝʜʠ ʘ < c < d < b. 

 

10. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ: 

ʘ) ʘ
3
+b

3
 > ʘb(a+b), ʘ  b, a+b > 0 

ʙ) 2(ʘ
3
+b

3
) > (a+b) (ʘ

2
+b

2
), ʘ  b, a+b > 0. 

 

ʈʝʰʝˁʝ:  

ʘ) ʇʦʟʥʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ (ʘ-b)
2
 > 0 

 a
2
-2ab+b

2
 > 0 

 a
2
-ab+b

2 
> ab  /  (a+b) 

 a
3
+b

3
 > ab(a+b) 

ʙ) ʇʦʟʥʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ (ʘ-b)
2
 > 0 

 a
2
-2ab+b

2
 > 0 

 a
2
-ab+b

2
-ab > 0  /  (a+b) 

 (a+b) (a
2
-ab+b

2
)-ʘb(a+b) > 0 

 a
3
+b

3
-a

2
b-ab

2
 > 0 

 2a
3
+2b

3
-a

3
-b

3
-a

2
b-ab

2
 > 0 

 2 (a
3
+b

3
) > (a+b) (a

2
-ab+b

2
)+ab(a+b) 

 2 (a
3
+b

3
) > (a+b) (a

2
+b

2
). 
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11. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 3(1+x
2
+x

4
)  (1+x+x

2
)
2
, ʟʘ ʩʚʘʢʠ ʨʝʘʣʘʥ 

ʙʨʦʿ x. 

 

ʈʝʰʝˁʝ:  

ɼʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ 3+3x
2
+3x

4
  

1+2x+x
2
+2x

2
+2x

3
+x

4
 

 2x
4
-2x

3
-2x+2  0 

 2(x
3
(x-1)-(x-1))  0 

 2(x-1)
2

(x
2
+x+1)  0 

ɼʦʙʠʿʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʪʘʯʥʘ ʟʘ ʩʚʘʢʦ x. 

 

12. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʘʢʦ ʨʝʘʣʥʦ x ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

(x-1) (x-2) (x-3) (x-4)+1,0001 > 0. 

 

ʈʝʰʝˁʝ:  
ɼʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠʤʘ 

(x
2
-5x+4) (x

2
-5x+6)+1,001 > 0 

 (x
2
-5x+5 - 1) (x

2
-5x+5 + 1)+1,001 > 0 

 (x
2
-5x+5)

2
-1+1,001 > 0 

 (x
2
-5x+5)

2
+0,001 > 0. 

ʅʝʿʝʜʥʘʢʦʩʪ ʿʝ ʪʘʯʥʘ ʟʘ ʩʚʘʢʦ ʨʝʘʣʥʦ x. 

 

13. ɼʦʢʘʟʘʪʠ ʜʘ ʥʝ ʧʦʩʪʦʿʝ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ a, b, c, d ʪʘʢʚʠ ʜʘ ʿʝ  

ʘ-b
2
 > 

4

1
, b-c

2
 > 

4

1
,  c-d

2
 > 

4

1
, d-a

2
 > 

4

1
. 

 

ʈʝʰʝˁʝ:  

ɸʢʦ ʜʘʪʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʚʘʞʝ, ʪʘʜʘ ʿʝ a+b+c+d-a
2
-b

2
-c

2
-d

2
 > 1,  

ʦʜʥʦʩʥʦ 0)
2

1
()

2

1
()

2

1
()

2

1
( 2222 dcba , h ʪʦ ʥʠʿʝ ʪʘʯʥʦ.  

ɿʥʘʯʠ ʜʘ ʥʝ ʧʦʩʪʦʿʝ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ a, b, c, d ʟʘ ʢʦʿʝ ʚʘʞʝ ʛʦʨˁʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ. 

 

14. ɸʢʦ ʩʫ a, b, p, q, r, s ʧʨʠʨʦʜʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ q r-p s = 1 ʠ 

s

r

b

ʘ

q

p
, ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ b  q+s. 

 

ʈʝʰʝˁʝ:  

ʀʟ 
b

ʘ

q

p
 ʜʦʙʠʿʘʤʦ aq-bp > 0, a ʠʟ 

s

r

b

a
 ʩʣʝʜʠ br-as > 0. ʇʦʰʪʦ ʩʫ a, b, 

p, q, r, s ʮʝʣʠ ʙʨʦʿʝʚʠ, ʠʟ aq-bp > 0 ʩʣʝʜʠ aq-bp > 1 ʠ ʩʣʠʯʥʦ br-as  1.  
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ʉʘʜʘ ʠʤʘʤʦ  

b = b 1 = b (qr-ps) = bqr-bps = bqr-aqs+aqs-bps = q (br-as)+s(aq-bp)  q+s, 

ʰʪʦ ʩʝ ʠ ʪʚʨʜʠʣʦ. 

 

15. ʅʘ ʧʫʪʫ ʿʝ ʢʦʣʦʥʘ ʘʫʪʦʙʫʩʘ. ɸʫʪʦʙʫʩ ʩʤʘʪʨʘʤʦ ʧʨʝʧʫʥʠʤ ʘʢʦ ʿʝ 

ʫ ˁʝʤʫ ʚʠʰʝ ʦʜ 50 ʧʫʪʥʠʢʘ. ʂʦʥʪʨʦʣʦʨʠ ɺʦʿʢʦ ʠ ʈʘʜʝ ʟʘʫʩʪʘʚʠʣʠ 

ʩʫ ʢʦʣʦʥʫ. ɺʦʿʢʦ ʿʝ ʦʜʨʝʜʠʦ ʧʨʦʮʝʥʘʪ ʧʨʝʧʫʥʠʭ ʘʫʪʦʙʫʩʘ, ʘ ʈʘʜʝ 

ʧʨʦʮʝʥʘʪ ʩʚʠʭ ʧʫʪʥʠʢʘ ʫ ʧʨʝʧʫʥʠʤ ʘʫʪʦʙʫʩʠʤʘ ʫ ʦʜʥʦʩʫ ʥʘ ʫʢʫʧʘʥ 

ʙʨʦʿ ʧʫʪʥʠʢʘ. ʏʠʿʠ ʿʝ ʧʨʦʮʝʥʘʪ ʚʝ˂ʠ? 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ k ʧʨʝʧʫʥʠʭ ʠ l ʦʩʪʘʣʠʭ ʘʫʪʦʙʫʩʘ. ʅʝʢʘ ʿʝ ʫ ʧʨʝʧʫʥʠʤ 

ʘʫʪʦʙʫʩʠʤʘ  ɸ  ʧʫʪʥʠʢʘ, ʘ ʫ ʦʩʪʘʣʠʤ B. ʊʘʜʘ ʿʝ A > 50k, B  50l,  

ʩʣʝʜʠ 50
k

A
, 50

l

ɺ
, ʧʘ ʿʝ 

l

B

k

A
, ʘ 

k

l

A

B
, ʦʜʥʦʩʥʦ 

k

kl

A

AB
,  

ʧʘ ʿʝ 
k

k

BA

A

1
. ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ %100

1
%100

k

k

BA

A
.  

 

ʃʝʚʘ ʩʪʨʘʥʘ ʿʝ ʧʨʦʮʝʥʘʪ ʧʫʪʥʠʢʘ ʫ ʧʨʝʧʫʥʦʤ ʘʫʪʦʙʫʩʫ, ʘ ʜʝʩʥʘ 

ʧʨʦʮʝʥʘʪ ʧʨʝʧʫʥʠʭ ʘʫʪʦʙʫʩʘ. ʈʘʜʝʪʦʚ ʧʨʦʮʝʥʘʪ ʿʝ ʚʝ˂ʠ. 

 

16. ʆʜʨʝʜʠʪʠ ʪʨʦʮʠʬʨʝʥʠ ʙʨʦʿ ʘbc (a  0, b  0, c  0) ʟʘ ʢʦʿʝ ʚʘʞʠ 

a+b+c = 9 ʠ 9a
2
+9b

2
+9c

2
-6abc  a

3
+b

3
+c

3
. 

 

ʈʝʰʝˁʝ:  
ɸʢʦ ʜʘʪʫ ʥʝʿʝʜʥʘʢʦʩʪ ʥʘʧʠʰʝʤʦ ʫ ʦʙʣʠʢʫ  

 

a
2
(9-a)+b

2
(9-b)+c

2
(9-c)  6abc, ʿ ʝʨ ʿʝ a+b+c = 9, ʧʘ ʿʝ  

 

a
2
(b+c)+b

2
(c+a)+c

2
(a+b)  6abc.  

 

ɸʢʦ ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʜʝʣʠʤʦ ʩʘ ab > 0, ʜʦʙʠʿʘʤʦ 

6)()()(
b

c

c

b

a

c

c

ʘ

c

b

b

ʘ
.  

 

ʇʨʠʤʝʥʦʤ ʊʚʨʹʝˁʘ 1.13. ʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ a = b = c.  

 

ʊʘʜʘ ʿʝ a+b+c = 3a, ʧʘ ʿʝ ʪʨʘʞʝʥʠ ʪʨʦʮʠʬʨʝʥʠ ʙʨʦʿ 333. 
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2. ʅɽɱɽɼʅɸʂʆʉʊʀ  ɹʈʆɱɽɺʅʀʍ  ʉʈɽɼʀʅɸ                           
 

 

                                                                 Ăɹʨʦʿʝʚʠ ʚʣʘʜʘʿʫ ʩʚʝʤʠʨʦʤ.ñ 

                                                                          (ʇʠʪʘʛʦʨʝʿʮʠ) 

 

ʅʝʿʝʜʥʘʢʦʩʪʠ ʠʟʤʝʹʫ ʘʨʠʪʤʝʪʠʯʢʝ, ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ 

ʧʦʟʠʪʠʚʥʠʭ ʙʨʦʿʝʚʘ ʤʦʞʝ ʩʝ ʝʬʠʢacʥʦ ʠʩʢʦʨʠʩʪʠʪʠ ʫ ʬʦʨʤʠʨʘˁʫ 

ʨʘʟʥʠʭ ʜʦʢʘʟʘ ʥʝʿʝʜʥʘʢʦʩʪʠ. ʇʦʿʘʤ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʜʚʘ ʧʦʟʠʪʠʚʥʘ 

ʙʨʦʿʘ ʧʦʿʘʚʠʦ ʩʝ ʿʦʰ ʫ ʚʨʝʤʝ ʇʠʪʘʛʦʨʝʿʘʮʘ, ʙʨʘʪʩʪʚʘ ʢʦʿʝ ʿʝ ʦʩʥʦʚʘʦ 

ʇʠʪʘʛʦʨʘ (ɄɡɗŬɔɧɟŬɠ, 580-500 ʧʨʝ ʥʦʚʝ ʝʨʝ, ʛʨʯʢʠ ʤʘʪʝʤʘʪʠʯʘʨ). 

ʇʨʝʪʧʦʩʪʘʚˀʘ ʩʝ ʜʘ ʩʫ ʟʥʘʣʠ ʧʦʟʥʘʪʫ ʥʝʿʝʜʥʘʢʦʩʪ ʠʟʤʝʹʫ ʘʨʠʪʤʝʪʠʯʢʝ 

ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʜʚʘ ʧʦʟʠʪʠʚʥʘ ʙʨʦʿʘ, ʘʣʠ ʪʫ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ 

ʜʦʢʘʟʘʦ ɽʫʢʣʠʜ (ȺἘəɚŮɑŭɖɠ, 365-300? ʧʨʝ ʥʦʚʝ ʝʨʝ, ʛʨʯʢʠ ʤʘʪʝʤʘʪʠʯʘʨ). 

ʋ ʣʠʪʝʨʘʪʫʨʠ ʩʝ ʤʦʛʫ ʥʘ˂ʠ ʥʘ ʜʝʩʝʪʠʥʝ ʨʘʟʣʠʯʠʪʠʭ ʜʦʢʘʟʘ ʪʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ. ʉʣʝʜʝ˂ʘ ʪʝʦʨʝʤʘ ʜʘʿʝ ʚʝʟʫ ʠʟʤʝʹʫ ʘʨʠʪʤʝʪʠʯʢʝ ʠ 

ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʜʚʘ ʧʦʟʠʪʠʚʥʘ ʙʨʦʿʘ. ɺʝʣʠʢʠ ʟʥʘʯʘʿ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʙʨʦʿʝʚʥʠʭ ʩʨʝʜʠʥʘ ʿʝ ʰʪʦ ʤʦʛʫ ʜʘ ʩʝ ʫʦʧh ʪʝ ʠ ʟʘ n ʧʦʟʠʪʠʚʥʠʭ ʙʨʦʿʝʚʘ. 

 

ʊʝʦʨʝʤʘ 2.1.  

ɸʢʦ ʩʫ a ʠ b ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ, ʪʘʜʘ ʿʝ bʘ
ba

2
, ʧʨʠ ʯʝʤʫ 

ʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʟʘ ʘ=b. 

 

ɼʦʢʘʟ 1.  

ʇʦʹʠʤʦ ʦʜ ʦʯʠʛʣʝʜʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ (ʘ-b)
2
  0 ʢʦʿʘ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ 

ʩʣʝʜʝ˂ʝʤ ʥʠʟʫ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

 

a
2
+b

2
  2ab  (2)    ʯʝʩʪʦ ʩʝ ʥʘʟʠʚʘ ʂʦʰʠʿʝʚʘ ʥʝʿʝʜʥʘʢʦʩʪ 

 a
2
+b

2
+2ab  4ab 

 (a+b)
2
  4ab 

 ab
ba

4

)( 2

 

 ab
ba

2
. 

ɱʝʜʥʘʢʦʩʪ ʩʝ ʧʦʩʪʠʞʝ ʩʘʤʦ ʟʘ ʘ = b, (a-b)
2
  0. 
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ɼʦʢʘʟ 2.  

ʅʝʢʘ ʩʫ ʜʘʪʝ ʢʨʫʞʥʠʮʝ ʩʘ ʮʝʥʪʨʠʤʘ ʫ ʪʘʯʢʘʤʘ ʆ ʠ S, ʧʦʣʫʧʨʝʯʥʠʮʠ ʩʫ  

2

a
 ʠ 

2

b
, ʛʜʝ ʿʝ ʘ  b. ʂʨʫʞʥʠʮʝ ʩʝ ʜʦʜʠʨʫʿʫ ʩʧʦˀʘ, ʪʘʯʢʝ ɸ ʠ B ʦʜʨʝʹʫʿʫ 

ʟʘʿʝʜʥʠʯʢʫ ʩʧʦˀʘʰˁʫ ʪʘʥʛʝʥʪʫ ʪʠʭ ʢʨʫʞʥʠʮʘ. ʇʨʘʚʦʫʛʣʠ ʪʨʘʧʝʟ ɸBSO 

ʠʤʘ ʜʚʘ ʧʨʘʚʘ ʫʛʣʘ ʢʦʜ ʪʝʤʝʥʘ A ʠ B. ʅʝʢʘ ʿʝ ʜʫʞ MS ʧʘʨʘʣʝʣʥʘ ɸB.  

ʊʘʜʘ ʿʝ ʫ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ OMS ʭʠʧʦʪʝʥʫʟʘ ʆS ʜʫʞʠʥʝ 
2

ba
 ʠ 

ʢʘʪʝʪʘ ʆʄ ʿʝ 
2

ba
. ʇʨʠʤʝʥʦʤ ʇʠʪʘʛʦʨʠʥʝ ʪʝʦʨʝʤʝ ʿʝ 

 ab
baba

SM 22 )
2

()
2

( . 

 

 

 

 

 

 

 

 

 

 

ɼʦʢʘʟ 3.  
ɺʝ˂ʠ ʢʚʘʜʨʘʪ ʩʪʨʘʥʠʮʝ a+b ʠʤʘ ʧʦʚʨʰʠʥʫ (a+b)

2
,  

ˁʝʛʦʚʘ ʧʦʚʨʰʠʥʘ ʿʝ ʚʝ˂ʘ ʦʜ ʧʦʚʨʰʠʥʝ ʯʝʪʠʨʠ  

ʧʨʘʚʦʫʛʘʦʥʠʢʘ ʩʪʨʘʥʠʮʘ ʘ ʠ b, ʰʪʦ ʩʝ ʤʦʞʝ  

ʟʘʧʠʩʘʪʠ ʢʘʦ 

 

(a+b)
2
  4ab 

 a+b  2 ab  

ab
ba

2
.                                                                                                                                                   

                                                                                                     Cʣʠʢʘ 2.  

 

ɱʝʜʥʘʢʦʩʪ ʿʝ ʧʦʩʪʠʛʥʫʪʘ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ʧʦʚʨʰʠʥʘ ʚʝʣʠʢʦʛ ʢʚʘʜʨʘʪʘ 

ʿʝʜʥʘʢʘ ʟʙʠʨʫ ʯʝʪʠʨʠ ʧʨʘʚʦʫʛʘʦʥʠʢʘ. ʊʦ ʚʘʞʠ ʫʢʦʣʠʢʦ ʥʝʤʘ ʢʚʘʜʨʘʪʘ ʫ 

ʩʨʝʜʠʥʠ, ʦʜʥʦʩʥʦ ʢʘʜʘ ʿʝ ʘ-b = 0, ʧʘ ʿʝ ʘ = b. 

 

ʋ ʟʘʜʘʮʠʤʘ ʧʨʠʤʝʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʘ ʩʨʝʜʠʥʝ ʫʢʘʟʫʿʝ ʩʝ ʧʦʪʨʝʙʘ 

ʢʦʨʠʰ˂ʝˁʘ ʚʠʰʝ ʦʜ ʜʚʘ ʙʨʦʿʘ. ɿʘʪʦ ʩʝ ʫʦʧʰʪʝˁʝ ʩʚʦʜʠ ʥʘ n 

ʧʦʟʠʪʠʚʥʠʭ ʙʨʦʿʝʚʘ. 

 

a b

b

a

b a

b

a
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ɼʝʬʠʥʠʮʠʿʘ.  

ɸʢʦ ʿʝ ʘ = (a1, a2, ..., an) ʥʠʟ ʧʦʟʠʪʠʚʥʠʭ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ, ʪʘʜʘ ʩʝ: 

 

- ɸʨʠʪʤʝʪʠʯʢʘ ʩʨʝʜʠʥʘ An (a) ʜʝʬʠʥʠʰʝ ʩʝ ʠʟʨʘʟʦʤ:    

n

ʘʘʘ
ʘA n

n

...
)( 21  ; 

 

- ɻʝʦʤʝʪʨʠʿʩʢʘ ʩʨʝʜʠʥʘ Gn (a) ʜʝʬʠʥʠʰʝ ʩʝ ʠʟʨʘʟʦʤ: 

n
nn aaaʘG ...)( 21  ; 

 

- ʍʘʨʤʦʥʠʿʩʢʘ ʩʨʝʜʠʥʘ Hn (a) ʜʝʬʠʥʠʰʝ ʩʝ ʠʟʨʘʟʦʤ: 

n

n

aaa

n
ʘH

1
...

11
)(

21

 ; 

 

- Kʚʘʜʨʘʪʥʘ ʩʨʝʜʠʥʘ ʂn (a) ʜʝʬʠʥʠʰʝ ʩʝ ʠʟʨʘʟʦʤ: 

n

aaa
ʘK n

n

22

2

2

1 ...
)(  . 

 

ʊʝʦʨʝʤʘ 2.2. (ʥʝʿʝʜʥʘʢʦʩʪ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ)  

ʅʝʢʘ ʿʝ ʘ ʜʘʪʘ n-ʪʦʨʢʘ ʧʦʟʠʪʠʚʥʠʭ ʙʨʦʿʝʚʘ, ʪʘʜʘ ʿʝ An(a)  Gn(a), ʩa 

ʿʝʜʥʘʢʦʰ˂ʫ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ a1 = a2 = é = an. 

 

ɼʦʢʘʟ.  

ɼʦʢʘʟʘ˂ʝʤʦ ʪʝʦʨʝʤʫ ʤʘʪʝʤʘʪʠʯʢʦʤ ʠʥʜʫʢʮʠʿʦʤ. ɿʘ n = 2 ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ 

ʦʙʣʠʢʘ 21
21

2
aa

ʘʘ
. ʇʨʝʪʧʦʩʪʘʚʠ˂ʝʤʦ ʪʘʯʥʦʩʪ ʪʚʨʹʝˁʘ ʟʘ 

 n = k-1  2, ʠ ʜʘ ʿʝ Ak-1(a)  Gk-1(a) ʠ ʜʦʢʘʞʠʤʦ ʜʘ ʚʘʞʠ ʟʘ n = k. 

ʄʦʞʝʤʦ ʧʨʝʪʧʦʩʪʘʚʠʪʠ ʜʘ ʿʝ 0  a1  é  ak. ʊʘʜʘ ʿʝ: 

 

(1) ʢ
ʢʢʢ

ʢ ʘ
k

ʘʘʘ
ʘA

k

ʘʘʘ
ʘ

...
)(

... 111
1  

ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ ak-Ak(a)  0, ʦʜʥʦʩʥʦ a1+ak-Ak(a)  a1>0. 

 

ʇʦʩʤʘʪʨʘʿʤʦ k-1 ʧʦʟʠʪʠʚʥʠʭ ʙʨʦʿʝʚʘ a2, a3,..., ak-1, a1+akAk(a) ʟa ʢʦʿʝ 

ʧʨʠʤʝˁʫʿʝʤʦ ʠʥʜʫʢʮʠʿʩʢʫ ʧʨʝʪʧʦʩʪʘʚʢʫ Ak-1(a) >Gk-1(a). ɼʦʙʠʿʘʤʦ: 

 

 1
1132

132 ))((...
1

)(...
k

kkk
kkk aAaaaaa

k

ʘAʘʘaʘ
.  
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ʇʦʰʪʦ ʿʝ )(... 121 ʘAkʘʘaʘ kkk , ʧʨʝʪʭʦʜʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʩʪʘʿʝ 

1
1132 ))((...)(

1

)()(
k

kkkk
kk aAaaaaaʘA

k

ʘAʘAk
.  

ʆʜʘʚʜʝ ʩʣʝʜʠ ʜʘ ʿʝ 

))((...)( 1132

1 aAaaʘʘʘaA kkk

k

k
, ʦʜʥʦʩʥʦ 

))((...)()( 1132 aAaaʘʘʘaAaA kkkk

k

k
.  

 

ʇʦʢʘʞʠʤʦ ʩʘʜʘ ʜʘ ʿʝ 

(2) )(...))((...)( 1211132 aGʘʘʘʘaAaaʘʘʘaA k

kkkkkkk
. 

ɸʢʦ ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʜʝʣʠʤʦ ʩʘ 0... 132 kʘʘʘ  ʜʦʙʠʿʘʤʦ ʝʢʚʠʚʘʣʝʥʪʥʫ 

ʥʝʿʝʜʥʘʢʦʩʪ 

kkkk ʘʘaAaaaA 11 ))(()(  

 0))(()()()( 11 aAaaAaaaaA kkkkk
 

 0))(())((1 aAaaAaa kkkk  

 0))(())(( 1 aAaaaA kkk . 

 

ʅʘ ʦʩʥʦʚʫ (1) ʩʫ Ak(a)-a1 ʠ ak-Ak(a) ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ, ʢʘʦ ʠ ˁʠʭʦʚ 

ʧʨʦʠʟʚʦʜ. 

ʇʨʝʪʭʦʜʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʪʘʯʥʘ, ʢʘʦ ʠ ʥʝʿʝʜʥʘʢʦʩʪ (2).  

ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ )()( aGʘA k

k

k

k
, ʦʜʥʦʩʥʦ )()( aGʘA kk

.  

 

ɱʝʜʥʘʢʦʩʪ )()( aGʘA nn  ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ a1 = a2 = é = an.  

ɸʢʦ ʙʠ ʜʚʘ ʙʨʦʿʘ ʠʟ ʥʠʟʘ a1, a2, é, an ʙʠʣʘ ʨʘʟʣʠʯʠʪʘ, a1  a2, ʪʘʜʘ ʿʝ 

n

aa
aaaa

n

ʘʘʘ n
n

...
22... 3

2121

21  

n
nʘʘ

ʘʘ
1

3

221 )...)
2

((  

n
nʘʘa

1

21 )...(  ʿʝʨ ʿʝ 21
21

2
ʘʘ

ʘʘ
. 

 

ʊʝʦʨʝʤʘ 2.3. (ʥʝʿʝʜʥʘʢʦʩʪ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ) 

ɸʢʦ ʩʫ a1, a2, é, an ʧʦʟʠʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ, ʪʘʜʘ ʿʝ Gn(a)  Hn(a), 

ʦʜʥʦʩʥʦ  

n

n
n

aaa

n
aaa

1
...

11
...

21

21 . 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʟʘ a1 = a2 = é = an. 
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ɼʦʢaʟ.  

ʅʝʿʝʜʥʘʢʦʩʪ (GA) ʟʘ ʙʨʦʿʝʚʝ 
naaa

1
,...,

1
,

1

21

 ʛʣacʠ 

n

aaa

aaa

nn

n

1
...

11

)
1

...
11

( 21

1

21

. 

ʇʨʝʤʘ ʊʝʦʨʝʤʠ 2.1., ʿ ʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʟʘ 
naaa

1
...

11

21

,  

ʦʜʥʦʩʥʦ a1 = a2 = é = an. 

 

ʆʜaʪʣʝ ʿʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ 

)(
1

...
11

),...,,()(

21

21 aH

aaa

n
aaaaG n

n

nn . 

 

ʊʝʦʨʝʤʘ 2.4. (ʥʝʿʝʜʥʘʢʦʩʪ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʢʚʘʜʨʘʪʥʝ ʩʨʝʜʠʥʝ, ɸʂ) 

ɸʢʦ ʩʫ a1, a2,é, an ʧʦʟʠʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ, ʪʘʜʘ ʿʝ An(a)  ʂn(a), 

ʦʜʥʦʩʥʦ  

n nn

n

aaa

n

ʘaʘ 22

2

2

121 ......
.  

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʟʘ a1 = a2 = é = an. 

 

ɼʦʢʘʟ.  
ɸʢʦ ʫ ʠʜʝʥʪʠʪʝʪʫ 

).........(2...

)...(

123213121

22

2

2

1

2

21

nnnnn

n

ʘʘʘʘʘʘʘʘʘʘʘʘaaa

ʘaʘ
 

ʧpʠʤʝʥʠʤʦ 
2

2

2

2

21
1
ʘʘ

ʘʘ  ʥʘ ʜʝʩʥʦʿ ʩʪʨʘʥʠ ʥʝʿʝʜʥʘʢʦʩʪʠ,  

ʟʘ ai, ak ʛʜʝ ʿʝ 1  i, k  n, ʧʘ ʿʝ 222 kiki ʘʘʘʘ , ʜʦʙʠʿʘʤʦ ʥʝʿʝʜʥʘʢʦʩʪ 

)...()...( 22

2

2

1

2

21 nn aaanʘaʘ .  

ʂʘʢʦ  ʿʝ 0,...,, 21 naaa , ʩʣʝʜʠ ʜʘ ʿʝ 22

2

2

121 ...... nn aaanʘaʘ  

ʦʜʥʦʩʥʦ 

 

)(
......

)(
22

2

2

121 aK
n

aaa

n

ʘaʘ
aA n

n nn
n . 

 

ɱʝʜʥʘʢʦʩʪ ʂn(a) = An(a) ʿʝ ʠʩʧʫˁʝʥʘ ʟʘ a1 = a2 = é = an.  
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ɸʢʦ ʧʨʝʪʧʦʩʪʘʚʠʤʦ ʜʘ ʩʫ ʙʘʨ ʜʚʘ ʙʨʦʿʘ ʠʟ ʥʠʟʘ a1, a2, é, an ʨʘʟʣʠʯʠʪa, 

a1  a2, ʪʘʜʘ ʿʝ  

n

aa
aaaa

n

ʘʘʘ n
n

...
22... 3

2121

21  

n

aaa

n

aa
aa

n
n 22

2

2

1

22

3
21

...
...)

2
(2

 ʿʝʨ ʿʝ  

2

2

2

1

2

21

2

)(
aa

ʘʘ
. 

ʅʘ ʦʩʥʦʚʫ ʊʝʦʨʝʤʘ 2.2., 2.3. ʠ 2.4. ʜʦʙʠʿʘʤʦ ʥʝʿʝʜʥʘʢʦʩʪ 

 

                        Hn(a)  Gn(a)  An(a)  Kn(a). 

 

ʊʝʦʨʝʤʘ 2.5.  
ɸʢʦ ʿʝ ʘ = (a1, a2, é, an) ʥʠʟ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ, ʪʘʜʘ ʿʝ  

min{ a1, a2, é, an}  Hn(a). 

 

ɼʦʢʘʟ.  

ʄʦʞʝʤʦ ʧʨʝʪʧʦʩʪʘʚʠʪʠ ʜʘ ʿʝ   0 < a1  a2  a3  ...  an-1  an.     (1)  

Taʜʘ ʿʝ min{ a1, a2, é, an} = a1.  

ʅʘ ʦʩʥʦʚʫ ʥʝʿʝʜʥʘʢʦʩʪʠ (1) ʿ ʝ 1,...,1,1 1

3

1

2

1

na

a

a

a

a

a
.  

ʉʣʝʜʠ  n
a

a

a

a

a

a

n

1...11... 1

3

1

2

1 , ʧʘ ʿʝ 

n
aaa

a
n

)
1

...
11

(
32

1 , ʦʜʥʦʩʥʦ  )(
1

...
11

32

1 aH

aaa

n
a n

n

. 

ʊʝʦʨʝʤʘ 2.6.  

ɸʢʦ ʿʝ ʘ = (a1, a2, é, an) ʥʠʟ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ, ʪʘʜʘ ʿʝ  

Kn(a)  max{ a1, a2, é, an}.  

 

ɼʦʢʘʟ.  

ʇʨʝʪʧʦʩʪʘʚʠʤʦ ʜʘ ʿʝ 0 < a1  a2  a3  ...  an-1  an, ʠʟ ʯʝʛʘ ʩʣʝʜʠ 
22

2

2

1 ... naaa , ʦʜʥʦʩʥʦ 222

2

2

1 ... nn anaaa , ʧʘ ʿʝ 

n
n

n a
n

aaa
aK

22

2

2

1 ...
)( .  

ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ  

min{ a1, a2, é, an}  Hn(a)  Gn(a)  An(a)  Kn(a)  max{ a1, a2, é, an}  
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3. ʇʈʀʄɽʅɸ ʅɽɱɽɼʅɸʂʆʉʊʀ ɹʈʆɱɽɺʅʀʍ 

ʉʈɽɼʀʅɸ 
                 

 

   Ă ʋ ʤʘʪʝʤʘʪʠʮʠ ʪʨʝʙʘ ʧʘʤʪʠʪʠ ʧʨʦʮʝʩ ʤʠʰˀʝˁʘ,ʘ ʥʝ 

ʬʦʨʤʫʣʝ.ñ 

                                                                                       ( ɺ. ʇ. ɽʨʤʘʢʦʚ) 

ʇʨʠ ʨʝʰʘʚʘˁʫ ʤʘʪʝʤʘʪʠʯʢʠʭ ʟʘʜʘʪʘʢʘ ʤʦʛʫ ʩʝ ʢʦʨʠʩʪʠʪʠ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʩʨʝʜʠʥʘ. ɿacʪʫʧˀʝʥʝ ʩʫ ʢʦʜ ʿʝʜʥʘʯʠʥʘ, ʥʝʿʝʜʥʘʯʠʥʘ, ʿʝʜʥʘʢʦʩʪʠ, 

ʥʝʿʝʜʥʘʢʦʩʪʠ, ʦʜʨʝʹʠʚʘˁʘ ʤʠʥʠʤʘʣʥʠʭ ʠ ʤʘʢʩʠʤʘʣʥʠʭ ʚʨʝʜʥʦʩʪʠ 

ʚʝʣʠʯʠʥʘ (ʧʨʦʙʣʝʤʠ ʝʢʩʪʨʝʤʥʠʭ ʚʨʝʜʥʦʩʪʠ). ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʙʨʦʿʝʚʥʠʭ ʩʨʝʜʠʥʘ, ʤʦʛʫ ʜʘ ʩʝ ʠʟʙʝʛʥʫ ʦʟʙʠˀʥʠʿʝ ʪʝʤʝ ʢʘʦ ʨʝʛʨʝʩʠʚʥʘ 

ʠʥʜʫʢʮʠʿʘ ʠʣʠ ɱʝʥʩʝʥʦʚʘ ( Jensen, 1859-1925, ʜʘʥʩʢʠ ʤʘʪʝʤʘʪʠʯʘʨ) 

ʥʝʿʝʜʥʘʢʦʩʪ.  

 

1.ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʥʠʟ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ ʘ = (a1, a2,é, an) ʠ 

 b = (b1, b2,é, bn) ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

 

(1) Gn(a)+Gn(b)  Gn(a+b), ʦʜʥʦʩʥʦ 

n
nn

n
n

n
n babababbbaaa )(...)()(...... 22112121 . 

 

ʈʝʰʝˁʝ: 

ʅʝʢʘ ʿʝ 
ʢʢ

ʢ

ʢʢ

ʢ

k
bʘ

b
y

bʘ

ʘ
x ,  (k = 1, 2,é, n).  

 

ʊʨʝʙʘ ʜʦʢʘʟʘʪʠ 1,...,,..., 11
n

n
n

n yyxx . 

 

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ ʠʟʤʝʹʫ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 

n

xxx
xxx nn

n

...
,...,, 21

21  ʠ 
n

yyy
yyy nn

n

...
,...,, 21

21 .  

 

ʉʘʙʠʨʘˁʝʤ ʦʚʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʫʟʝʚʰʠ ʫ ʦʙʟʠʨ ʜʘ ʿʝ xk+yk = 1  

(k = 1,2,én), ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ  

 

 

1
......

,...,,,...,, 2121
2121

n

yyy

n

xxx
yyyxxx nnn

n
n

n ,  
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ʧʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ (1). 

 

2. ɼʦʢʘʟʘʪʠ ʜʘ ʟʙʠʨ ʧʦʟʠʪʠʚʥʦʛ ʙʨʦʿʘ ʠ ˁʝʛʦʚʝ ʨʝʮʠʧʨʦʯʥʝ 

ʚʨʝʜʥʦʩʪʠ ʥʠʢʘʜʘ ʥʠʿʝ ʤʘˁʠ ʦʜ ʙʨʦʿʘ 2. 

ɼʨʫʛʠ ʥʘʯʠʥ ʨʝʰʘʚʘˁʘ ʟʘʜʘʪʢʘ ʿʝ ʧʦʢʘʟʘʥ ʫ ʪʚʨʹʝˁʫ 1.13. 

 

ʈʝʰʝˁʝ:  

ʅʝʿʝʜʥʘʢʦʩʪ ʿʝ ʦʙʣʠʢʘ 2
1

x
x . ʇʨʝʤʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʢʦʿʘ ʧʦʚʝʟʫʿʝ 

ʘʨʠʪʤʝʪʠʯʢʫ ʠ ʛʝʦʤʝʪʨʠʿʩʢʫ ʩʨʝʜʠʥʫ ʟʘ ʙʨʦʿʝʚʝ x ʠ 
x

1
 ʿʝ 

x
xx

x
1

2

1

, 

ʦʜʥʦʩʥʦ 2
1

x
x .  ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʘʢʦ ʿʝ 

x
x

1
, ʘ ʪʦ ʿʝ ʟʘ  x = 1. 

 

3. ɸʢʦ ʩʫ a, b, c ʧʨʦʠʟʚʦˀʥʠ, ʤʝʹʫʩʦʙʥʦ ʨʘʟʣʠʯʠʪʠ ʙʨʦʿʝʚʠ, 

ʜʦʢʘʟʘʪʠ ʜʘ ʚʘʞʝ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

ʘ) (a+b) (b+c) (a+c) > 8abc 

ʙ) 23
b

ac

a

cb

c

ba
 

ʚ) 3
a

c

c

b

b

a
. 

 

ʈʝʰʝˁʝ:  
ʘ) ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ 

ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ abba 2 , bccb 2  ʠ acca 2 .  

ʄʥʦʞʝˁʝʤ ʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

abcacbcabcacbba 88)()()( . 

 

ʙ) ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 

3

1

)(3
b

ac

a

cb

c

ba

b

ac

a

cb

c

ba
 

 6

1

)
)()()(

(3
ʘbc

cʘcbbʘ

b

ac

a

cb

c

ba

 
ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʫ ʫ ʟʘʜʘʪʢʫ 3. ʧʦʜ ʘ), ʜʦʙʠʿʘ ʩʝ 

 

23)2(383 6

1

36

b

ac

a

cb

c

ba
. 
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ʚ) ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʟʘ 

ʙʨʦʿʝʚʝ 
b

a
, 

c

b
 ʠ 

a

c
 ʜʦʙʠʿʘ ʩʝ 3133 33

a

c

c

b

b

a

a

c

c

b

b

a
.  

ɿʥʘʢ ʥʝʿʝʜʥʘʢʦʩʪʠ ʚʘʞʠ ʘʢʦ ʿʝ 
a

c

c

b

b

a
.  

ʀʟ 
c

b

b

a
 ʜʦʙʠʿʘʤʦ b

2
=ac, ʠʟ 

a

c

b

a
 ʿʝ a

2
=bc.  

ɸʢʦ ʧʦʜʝʣʠʤʦ ʦʚʝ ʜʚʝ ʿʝʜʥʘʢʦʩʪʠ, ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ   
b

a

a

b
2

2

,  

 

ʦʜʥʦʩʥʦ b
3
 = a

3
, ʧʘ ʿʝ ʘ = b. ʉʣʠʯʥʦ ʩʝ ʜʦʙʠʿʘ ʠ ʟʘ ʘ = c. 

 

4. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 
cbacba

9111
, ʛʜʝ ʩʫ a, b, c ʨʝʘʣʥʠ 

ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ. 

 

ʈʝʰʝˁʝ: ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ  

 

ʟʘ ʙʨʦʿʝʚʝ a, b ʠ c, ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

cbʘ

cba

111

3

3
.  

ʄʥʦʞʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ 
cba

cbʘ

111

3  ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ.  

 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʘ = b = c. 

 

5. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ !)
2

1
( 2 n
n

  (n  2). 

 

ʈʝʰʝˁʝ:  
ɸʢʦ ʟʘ ʧʦʟʠʪʠʚʥʝ ʙʨʦʿʝʚʝ 1, 2,é, n ʧʨʠʤʝʥʠʤʦ ʥʝʿʝʜʥʘʢʦʩʪ 

ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ, ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

nn nn
n

n
!...21

...21
.  

ʂʘʢʦ ʿʝ 
2

)1(
...21

nn
n , ʩʪʝʧʝʥʦʚʘˁʝʤ ʩʘ n ʜʦʙʠʿʘ ʩʝ 

nnn n
nn

)!()
2

)1(
( .  
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ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

 

!)2

)1(

( n
n

nn

n
, ʥʘ ʦʩʥʦʚʫ ʯʝʛʘ ʩʝ ʜʦʙʠʿʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

6. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ n nnn )!3(4)13(3 2
. 

 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝʥʦʤ ʧʦʟʥʘʪʝ ʿʝʜʥʘʢʦʩʪʠ 
4

)1(
...21

22
333 nn

n , ʢʘʦ ʠ ʚʝʟʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʟʘ ʙʨʦʿʝʚʝ 1
3
, 2

3
,é,n

3
 

ʜʦʙʠʿʘʤʦ n n
n

n
3 333

333

)3(...21
3

)3(...21
, ʧʘ ʿʝ 

n n
nn

n
)3(...21

4

)13()3(

3

1 22

, ʦʜʥʦʩʥʦ 

n nnn )!3(4)13(3 2
. 

 

7. ɼʦʢʘʟʘʪʠ ʪʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ 

)(3)( 2 zyxxyzzyx , ʛʜʝ ʿʝ x > 0, y > 0 ʠ z > 0.  

 

ʈʝʰʝˁʝ:  

ʊʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ ˂ʝʤʦ ʜʦʢʘʟʘʪʠ ʢʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ 

ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ: 

 

yzxzxyzyxzyx 222)( 2222  

222
)()()( 2222 xyxzzxyzyzxy

xyzxzyyx  

yzxxyzzxyxyzxzyyzx 222222 222  

)(3 222 xyzzxyyzx  

)(3 zyxxyz . 

 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ x = y = z. 

 

8. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ x, y ʠ z ʨʝʘʣʥʝ ʙʨʦʿʝʚʝ ʟʘ ʢʦʿʝ ʝʿ x > 0, y > 0 ʠ z > 0 

ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 
3

2
333 222 zyx

zxxz

xz

zyyz

yz

yxxy

xy
 . 
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ʈʝʰʝˁʝ:  

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ ʪʨʠ ʧʦʟʠʪʠʚʥʘ 

ʙʨʦʿʘ je
3

1

11
1

33 yx

yx

yxxy

xy
, 

3

1

11
1

33 zy

zy

zyyz

yz
, 

3

1

11
1

33 zx

zx

zxxz

xz
. 

ʉʘʙʠʨʘˁʝʤ ʪʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘʤʦ 

(1) 
3

)(2
1

3

)(23333 zyxzyx

zxxz

xz

zyyz

yz

yxxy

xy
. 

 

ʂʘʢʦ ʿʝ (x-1)
2
+(y-1)

2
+(z-1)

2 
 0, ʧʦʩʣʝ ʢʚʘʜʨʠʨʘˁʘ ʜʦʙʠʿʘʤʦ 

2(x+y+z)  3+x
2
+y

2
+z

2
   (2) 

 

ʅʘ ʦʩʥʦʚʫ (1) ʠ (2) ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʪʘʯʥʘ. 

 

9. ɼʦʢʘʟʘʪʠ ʪʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ x
4
+y

4
+z

4
  xyz(x+y+z) ʟʘ x, y ʠ z 

ʧʦʟʠʪʠʚʥʝ ʨʝʘʣʥʝ ʙʨʦʿʝʚʝ. 

 

ʈʝʰʝˁʝ:  
ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʢʚʘʜʨʘʪʥʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʟʘ x

2
, y

2
 ʠ z

2
 je 

33

222444 zyxzyx

  
 ʢʚʘʜʨʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪ ʝʿ 

3

)( 2222
444 zyx

zyx
    

 (1)
 

ʇʨʠʤʝʥʦʤ ʠʩʪʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʘʢʦ ʩʫ ʯʣʘʥʦʚʠ x, y ʠ z, ʪʘʜʘ ʿʝ 

33

222 zyxzyx
, ʦʜʥʦʩʥʦ  

3

)( 2
222 zyx

zyx .  ʂʚʘʜʨʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ  

9

)(
)(

4
2222 zyx

zyx
     

 (2) 

ʅʘ ʦʩʥʦʚʫ ʥʝʿʝʜʥʘʢʦʩʪʠ (1) ʠ (2) ʿ ʝ 
27

)( 4
444 zyx

zyx
    

(3) 
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ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʿʝ 

3
3

zyx
xyz . ʂʫʙʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ (x+y+z)

3
  27xyz. 

ɸʢʦ ʩʝ ʧʨʝʪʭʦʜʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʤʥʦʞʠ ʩʘ x+y+z > 0,  

ʪʘʜʘ ʿʝ (x+y+z)
4
  27xyz(x+y+z). 

 

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ (3) ʜʦʙʠʿʘ ʩʝ x
4
+y

4
+z

4
  xyz(x+y+z). 

 

10. ɸʢʦ ʩʫ x1, x2,é, xn ʧʦʟʠʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʯʠʿʠ ʿʝ ʟʙʠʨ 1, 

ʜʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʘʢʠ ʧʦʟʪʠʚʘʥ ʙʨʦʿ ʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

2
...

2

13221

13221 n

xx

ʘ

xx

ʘ

xx

ʘ

n

xxxxxx n

. 

 

ʈʝʰʝˁʝ:  
ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʜʦʙʠʿʘʤʦ 

ʜʘ ʿʝ  

n

n

xxxxxx

n

xxxxxx

xx

ʘ

xx

ʘ

xx

ʘ
n

xx

ʘ

xx

ʘ

xx

ʘ nn

1322113221

1322113221

......  

n
n xxxxxx

n

)(...)()( 13221

 

n

xxxxxx

n

n )(...)()( 13221

 

)...(2
1321

2

nxxxx

n
 

2

2n
. 

 

11. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʨʝʘʣʥʝ ʧʦʟʠʪʠʚʥʝ ʙʨʦʿʝʚʝ x, y ʠ z ʚʘʞʠ 

ʥʝʿʝʜʥʘʢʦʩʪ 
zyx

xyz
zyxyx

100
)4()( 22 . 

ʈʝʰʝˁʝ:  
ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʜʦʙʠʿʘ ʩʝ  

 
2222 )22()()4()( zyzxyxzyxyx  

 
22 )2222()2( yzxzxy xyzyzxzxy 16884 . 
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ʄʥʦʞʝˁʝʤ ʧʨʝʪʭʦʜʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ 
xyz

zyx
 ʜʦʙʠʿʘ ʩʝ  

)(
16884

)(
)4()( 22

zyx
xyz

xyzyzxzxy
zyx

xyz

zyxyx

)()
16884

( zyx
xyxyz

 

)
2222

()
1111

2

1
(8 z

yyxx

xyxyxyz
 

100
16

5
2

1
58 5

22

5
22

zyx

zyx
. 

ʉʣʝʜʠ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ: 
zyx

xyz
zyxyx

100
)4()( 22 . 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʢʘʜʘ ʿʝ ʘʨʠʪʤʝʪʠʯʢʘ ʩʨʝʜʠʥʘ ʿʝʜʥʘʢʘ ʛʝʦʤʝʪʨʠʿʩʢʦʿ,  

ʢʘʜʘ ʿʝ x = y = 2z. 

 

12. ɸʢʦ ʩʫ x, y ʠ z ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ ʛʜʝ ʿʝ xyz = 1, ʜʦʢʘʟʘʪʠ 

ʥʝʿʝʜʥʘʢʦʩʪ 

 

 xzzyyxzyx 222333 . 

 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʜʦʙʠʿʘ ʩʝ  

 

)()()()(3 333333333333 xzzzyyyxxzyx  

3 363 363 36 333 xzzyyx  

)(3 222 xzzyyx , ʦʜʥʦʩʥʦ, xzzyyxzyx 222333 .  

 

ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ.  

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ x = y = z 
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4. ʃʆɻɸʈʀʊɸʄʉʂɽ ʅɽɱɽɼʅɸʂʆʉʊʀ 

 

                    Ăɿʘʜʨʞʠ ʧʨʘʚʦ ʜʘ ʤʠʩʣʠʰ, ʿʝʨ ʠ ʧʦʛʨʝʰʥʦ ʤʠʩʣʠʪʠ ʿʝ      

                                                           ʙoˀʝ ʥʝʛʦ ʥʝ ʤʠʩʣʠʪʠ ʫʦʧʰʪʝ.ñ    

                         (ʍʝʧʘʪʠʿʘ 355-415, ʛʨʯʢʘ ʤʘʪʝʤʘʪʠʯʘʨʢʘ-ʬʠʣʦʟʦʬ) 

 

ʈʝʯ ʣʦʛʘʨʠʪʘʤ ʿʝ ʥʘʩʪʘʣʘ ʦʜ ʛʨʯʢʝ ʨʝʯʠ logos = ʦʜʥʦʩ ʠ arithmos = ʙʨʦʿ. 

ʉʘ ʥʘʛʣʠʤ ʨʘʟʚʦʿʝʤ ʘʩʪʨʦʥʦʤʠʿʝ ʠ ʤʦʨʝʧʣʦʚʩʪʚʘ ʣʦʛʘʨʠʪʤʠ ʩʫ ʩʝ 

ʧʦʯʝʣʠ ʧʨʠʤʝˁʠʚʘʪʠ ʪʦʢʦʤ XV ʠ XVI ʚʝʢʘ ʫ ʥʫʤʝʨʠʯʢʠʤ 

ʧʨʦʨʘʯʫʥʠʤʘ. 

ʋ ʧʨʠʤʝʥʠ ʣʦʛʘʨʠʪʘʤʩʢʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʤʦʨʘ ʩʝ ʦʙʨʘʪʠʪʠ ʧʘʞˁʘ ʥʘ 

ʦʙʣʘʩʪ ʜʝʬʠʥʠʩʘʥʦʩʪʠ. ʅʝʿʝʜʥʘʢʦʩʪʠ ʩʝ ʪʨʘʥʩʬʦʨʤʠʰʫ ʫ ʥʝʢʠ 

ʿʝʜʥʦʩʪʘʚʥʠʿʠ ʦʙʣʠʢ ʢʦʨʠʩʪʝ˂ʠ ʦʩʦʙʠʥʝ ʣʦʛʘʨʠʪʘʤʘ. ɿʘʪʠʤ ʩʝ 

ʠʩʢʦʨʠʩʪʝ ʦʩʦʙʠʥʝ ʤʦʥʦʪʦʥʦʩʪʠ ʣʦʛʘʨʠʪʘʤʩʢʠʭ ʬʫʥʢʮʠʿʘ, ʢʘʜʘ 

ʬʫʥʢʮʠʿʘ ʨʘʩʪʝ ʠ ʦʧʘʜʘ. ɺʘʞʠ ʩʣʝʜʝ˂ʝ: 

 

1. ɸʢʦ ʿʝ a > 1, ʪʘʜʘ ʿʝ  

f(x) Ò g(x)    0 < f(x) Ò g(x). 

2. ɸʢʦ ʿʝ 0 < a < 1, ʪʘʜʘ ʿʝ 

f(x) Ò g(x)  ᵾ  f(x) Ó g(x) > 0 
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1. ʇʨʦʚʝʨʠʪʠ ʪʘʯʥʦʩʪ ʥʝʿʝʜʥʘʢʦʩʪʠ 

< . 

ʈʝʰʝˁʝ: ʃʦʛʘʨʠʪʤʦʚʘˁʝʤ ʣʝʚʝ ʠ ʜʝʩʥʝ ʩʪʨʘʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʟʘʪʠʤ 

ʢʦʨʠʩʪʝ˂ʠ ʦʩʦʙʠʥʝ ʣʦʛʘʨʠʪʤʘ,ʜʦʙʠʿʘ ʩʝ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ 

ʥʝʿʝʜʥʘʢʦʩʪʠ 

log  < log , 

 Ā log 2 <  Ā log 2011, 

 

 < . 

ʇʦʢʘʟʘʥʘ ʿʝ ʥʝʪʘʯʥʦʩʪ ʙʨʦʿʝʚʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ. 

2. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 

- -
 < 2. 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝʥʦʤ ʦʩʦʙʠʥʘ ʩʪʝʧʝʥʦʚʘˁʘ ʠ ʣʦʛʘʨʠʪʤʦʚʘˁʘ ʣʝʚʘ ʩʪʨʘʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʧʦʩʪʘʿʝ 

 

 

3. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʝ ʧʨʠʨʦʜʥʝ ʙʨʦʿʝʚʝ n ʚʘʞʠ 

log (n + 1) >  
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ʈʝʰʝˁʝ:  

ɼʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ ʩʘ ʥʠʟʦʤ ʩʣʝʜʝ˂ʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ. 

log (n + 1) > Ā (log 1 + log 2 + ... + log n), 

log (n + 1) > log ,  

log (n + 1) > log , 

(n + 1)
n
 > n!. 

ʇʨʝʪʭʦʜʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʧʦʩʣʝʜʠʮʘ ʥʝʿʝʜʥʘʢʦʩʪʠ  

 n + 1 > 1, n + 1 > 2, ... , n + 1 > n. 

4. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʝ ʧʨʠʨʦʜʥʝ ʙʨʦʿʝʚʝ n Ó 3 ʚʘʞʠ  

-
                (1) 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝʥʦʤ ʦʩʦʙʠʥʝ ʣʝʚʝ ʩʪʨʘʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

 

ʂʦʨʠʩʪʝ˂ʠ ʭʘʨʤʦʥʠʿʩʢʫ ʠ ʛʝʦʤʝʪʨʠʿʩʢʫ ʩʨʝʜʠʥʫ ʟʘ a, b > 0, a Í b je  

. 

ʋʚʦʜʝ˂ʠ ʩʤʝʥʫ a = -  ʠ b =  ʜʦʙʠʿʘ ʩʝ ʥʠʟ 

ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ. 
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5. ɸʢʦ ʿʝ a > 1, b > 1, c > 1 ʜʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 

3
 a Ā  Ā  Ò  

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʠʟʤʝʹʫ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ  

 <  (x, y, z > 0, x Í y Í z),  ʛʜʝ ʿʝ x =   

y =  z =   

ʜʦʙʠʿʘ ʩʝ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ. 

 

 

 

a Ā < . 

6. ɸʢʦ ʿʝ a > 1, b Ó 1, x > 0, ʜʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 

                      (1) 
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ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʦʩʦʙʠʥʫ ʜʘ ʿʝ  1 +   ʠ ʜʝʣʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ (1) ʩʘ  

1 +  ʜʦʙʠʿʘ ʩʝ 

 

 

 

 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ab = x. 

 

7. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ a > 1, c > 1 ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

3 Ā . 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ  x +  Ó 2, ʢʦʿʘ ʚʘʞʠ ʟʘ ʩʚʘʢʠ ʧʦʟʠʪʠʚʘʥ ʙʨʦʿ x. 

ʀ ʫʚʦʜʝ˂ʠ ʩʤʝʥʫ  x =   ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ  

 

2 Ā  

ʉʘʙʠʨʘˁʝʤ ʧʨʝʪʭʦʜʥʝ ʜʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ɱʝʜʥʘʢʦʩʪ ʥʝ ʤʦʞʝ ʜʘ ʚʘʞʠ ʠʩʪʦʚʨʝʤʝʥʦ. 

 

8. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 
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ʈʝʰʝˁʝ:  

ʃʦʛʘʨʠʪʤʦʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ 10 > ˊ
2
,  

ʜʦʙʠʿʘ ʩʝ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ, 

log 1́0 > 2 Ā logˊ́ , 

log 2́ + loǵ 5 > 2, 

 

 

9. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʘ > 1, b > 1, c > 1 ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

 

 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ x +  Ó 2 ʛʜʝ ʿʝ x = loga b ʜʦʙʠʿʘ ʩʝ  

 

ʉʘʙʠʨʘˁʝʤ ʧʨʝʪʭʦʜʥʝ ʜʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

 

 

 

 

 

ɱʝʜʥʘʢʦʩʪ ʩʝ ʜʦʙʠʿʘ ʢʘʜʘ ʿʝ ʘ = b = c. 
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10. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ 1 < ʘ < b < c ʚʘʞʠ  ʥʝʿʝʜʥʘʢʦʩʪ 

loga(logab) + logb(logbc) + logc(logca) > 0. 

ʈʝʰʝˁʝ:  

ʃʦʛʘʨʠʪʤʦʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ b > ʘ, ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ logab > logaa, 

ʦʜʥʦʩʥʦ logab > 1. ʂʘʢʦ ʿʝ  ʘ < b  ʩʣʝʜʠ ʜʘ ʿʝ  loga(logab) > logb(logab).  

ʉʣʠʯʥʦ ʿʝ ʟʘ ʘ < c ʿʝ logca < logcc,  logca < 1,  logc(logca) > logb(logca). 

ʉʘʙʠʨʘˁʝʤ ʜʦʙʠʿʝʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

 

ɼʦʜʘʚʘˁʝʤ ʣʝʚʦʿ ʠ ʜʝʩʥʦʿ ʩʪʨʘʥʠ  ʛʜʝ ʿʝ b < c, ʜʦʙʠʿʘ ʩʝ 

 

 

ɼʝʩʥʘ ʩʪʨʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝʜʥʘʢʘ ʿʝ  

 

ʊʠʤʝ ʩʝ ʜʦʙʠʣʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

11. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 

 

ʘʢʦ ʿʝ a > 1, b > 1, c > 1 ʠʣʠ 0 < a < 1, 0 < b < 1, 0 < c < 1. 

 

ʈʝʰʝˁʝ:  

ʋ ʦʙʘ ʩʣʫʯʘʿʘ ʿʝ logba > 0, logcb > 0, logac > 0. ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ 

ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ   
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ʜʦʙʠʿʘ ʩʝ ʥʝʿʝʜʥʘʢʦʩʪ ʝʢʚʠʚʘʣʝʥʪʥʘ ʣʝʚʦʿ ʩʪʨʘʥʠ ʥʝʿʝʜʥʘʢʦʩʪʠ (1). 

 

 

 

ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʟʘ   

x1 = a + b, y1 = b + c,  z1 = c + a   ʜʦʙʠʿʘ ʩʝ 

 

ʈʝʮʠʧʨʦʯʥʘ ʚʨʝʜʥʦʩʪ ʧʨʝʪʭʦʜʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

 

ʄʥʦʞʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ ʙʨʦʿʝʤ 6, ʜʦʙʠʿʘ ʩʝ ʜʝʩʥʘ ʩʪʨʘʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪʠ   (1) 

 

ʆʜʥʦʩʥʦ 

 

ʂʦʨʠʩʪʝ˂ʠ ʧʨʝʪʭʦʜʥʫ ʥʝʿʝʜʥʘʢʦʩʪ ʠ ʥʝʿʝʜʥʘʢʦʩʪ (2), ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪ (1). 
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5. ʂʆʐʀ-ʐɺɸʈʎʆɺɸ ʅɽɱɽɼʅɸʂʆʉʊ ʀ 

ʇʈʀʄɽʅɸ 
 

 

Ăʂʦʿʘ ʥʘʫʢʘ ʤʦʞʝ ʙʠʪʠ  ʣʝʧʰʘ, ʧʣʝʤʝʥʠʪʠʿʘ ʠ ʟʘ ʯʦʚʝʯʘʥʩʪʚʦ 

ʢʦʨʠʩʥʠʿʘ ʦʜ ʤʘʪʝʤʘʪʠʢʝ.ñ  (ʌʨʘʥʢʣʠʥ) 

 

ʋ ʣʠʪʝʨʘʪʫʨʠ ʥʝʿʝʜʥʘʢʦʩʪ ʩʝ ʥʘʟʠʚʘ ʂʦʰʠʿʝʚʘ (Cauchy, 1789-1857, 

ʬʨʘʥʮʫʩʢʠ ʤʘʪʝʤʘʪʠʯʘʨ) ʠ ʂʦʰʠ-ʐʚʘʨʮʦʚʘ (Schwarz, 1843-1921, 

ʥʝʤʘʯʢʠ ʤʘʪʝʤʘʪʠʯʘʨ ) ʠʣʠ ʂʦʰʠ-ɹʫˁʘʢʦʚʩʢʦʛ (ɹʫʥʷʢʦʚʩʢʠʡ, 1804-

1889, ʨʫʩʢʠ ʤʘʪʝʤʘʪʠʯʘʨ) ʠʣʠ ʂʦʰʠ-ʐʚʘʨʮ-ɹʫˁʘʢʦʚʩʢʦʛ 

ʥʝʿʝʜʥʘʢʦʩʪ. ʅʝʿʝʜʥʘʢʦʩʪ ʠʤʘ ʧʨʠʤʝʥʫ ʥʘ ʚʠʰʝʜʠʤʝʥʟʠʦʥʠ ʧʨʦʩʪʦʨ 

ʰʪʦ ʧʦʢʘʟʫʿʝ ʩʣʝʜʝ˂ʘ ʪʝʦʨʝʤʘ. 

 

Teoʨʝʤʘ 5.1.  

ɸʢʦ ʩʫ ʘ = (a1, a2, é, an) ʠ b = (b1, b2, é, bn) ʜʚʘ ʥʠʟʘ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ, 

ʪʘʜʘ ʿʝ 
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kk baba . 

ɿʥʘʢ ʿʝʜʥʘʢʦʩʪʠ ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ 
n
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b

a

b

a

b

a
...
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1

1 . 

ɼʦʢʘʟ:  

ʘ) ʘʣʛʝʙʘʨʩʢʠ ʜʦʢʘʟ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʇʦʩʤʘʪʨʘʤʦ ʢʚʘʜʨʘʪʥʠ ʧʦʣʠʥʦʤ ʧʦ x, ʢʦʿʠ ʿʝ ʧʦʟʠʪʠʚʘʥ ʟʘ ʩʚʘʢʦ x: 

0)(...)()( 22
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11 nn bxʘbxʘbxʘ , ʦʜʥʦʩʥʦ 

0)...()...(2)...( 22

2

2

12211

222

2

2

1 nnnn bbbxbababaxʘʘʘ

 

ɻʦʨˁʠ ʠʟʨʘʟ ʿʝ ʥʝʥʝʛʘʪʠʚʘʥ ʟʘ ʩʚʘʢʠ ʨʝʘʣʘʥ ʙʨʦʿ x ʠ ʤʦʨʘ ʠʩʧʫʥʠʪʠ 

ʫʩʣʦʚʝ 0... 22

2

2

1 nʘʘʘ  ʠ ˁʝʛʦʚʘ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʥʝ ʤʦʞʝ ʙʠʪʠ 

ʧʦʟʠʪʠʚʥʘ, ʦʜʥʦʩʥʦ D  0. ɿʥʘʯʠ ʜʘ ʿʝ  
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2211 nnnn bbbʘʘʘbababa , ʦʜʥʦʩʥʦ 
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ʊʠʤʝ ʿʝ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʘ. 
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ɿʥʘʢ ʿʝʜʥʘʢʦʩʪʠ ʚʘʞʠ ʘʢʦ ʩʫ ʥʠʟʦʚʠ ʘ ʠ b ʧʨʦʧʦʨʮʠʦʥʘʣʥʠ, ʦʜʥʦʩʥʦ ʘʢʦ 

ʧʦʩʪʦʿʠ ʨʝʘʣʥʠ ʙʨʦʿ t ʜʘ ʿʝ t
b

a

b

a

b

a

n

n...
2

2

1

1 , ʦʜʥʦʩʥʦ  

 

ʘ1 = b1t, ʘ2 = b2t,é, ʘn = bnt, ʠʟ ʯʝʛʘ ʩʣʝʜʠ ʜʘ ʿʝ 
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ʊʠʤʝ ʿʝ ʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʘ.  

 

ʙ) ɻʝʦʤʝʪʨʠʿʩʢʠ ʜʦʢʘʟ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʅʝʢʘ ʩʫ ʜʚʘ ʚʝʢʪʦʨʘ ),...,,( 21 nʘʘʘa  ʠ ),...,,( 21 nbbbb , ˁ ʠʭʦʚ ʩʢʘʣʘʨʥʠ 

ʧʨʦʠʟʚʦʜ ʿʝ 

 

nnbʘbʘbʘba ...2211 , ʦʜʥʦʩʥʦ )(cos bababa - ,  

ʧʨʠ ʯʝʤʫ ʿʝ 1)(cos ba- .  

ʄʦʜʫʦ ʚʝʢʪʦʨʘ a  ʠ bʿʝ  
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22

2

2

1

22

2

2

12211 ......... nnnn bbbʘʘʘbʘbʘbʘ .  

 

ʂʚʘʜʨʠʨʘˁʝʤ ʠ ʣʝʚʝ ʠ ʜʝʩʥʝ ʩʪʨʘʥʝ ʜʦʙʠʿʘʤʦ ʪʨʘʞʝʥʫ ʥʝʿʝʜʥʘʢʦʩʪ  
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1. ɼʠʨʝʢʪʥʘ  ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ ʥʝʿʝʜʥʘʢʦʩʪ 

ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʢʚʘʜʨʘʪʥʝ ʩʨʝʜʠʥʝ. 

 

ɼʦʢʘʟ:  
ʅʝʢʘ ʿʝ b1 =  b2 = é = bn = 1. Taʜʘ je ʠʟ ʥʝʿʝʜʥʘʢʦʩʪʠ 

2

1

2

1

2

1

)(
n

k

k

n

k

k

n

k

kk baba  ʜʦʙʠʿʝʥʦ ʜʘ ʿʝ 

nʘʘʘʘʘʘ nn )...(... 22

2

2

121 , ʦʜʥʦʩʥʦ 

n

ʘʘʘ

n

ʘʘʘ nn

22

2

2

121 ......
, h ʪʦ ʧʨʝʜʩʪʘʚˀʘ ʚʝʟʫ ʠʟʤʝʹʫ 

ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʢʚʘʜʨʘʪʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʟʘ ʘk > 0 (k = 1, 2, é, n). 

 

2. ʇʨʠʤʝʥʘ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʘ ʥʝʿʝʜʥʘʢʦʩʪ 

ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ. 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ  
1

2

1 xa ,é,
nn xa2

, 0kx  (k = 1, 2,é, n)  ʠ 
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2

1 .  

ʋʚʨʰ˂ʘʚʘˁʝʤ ʫ ʥʝʿʝʜʥʘʢʦʩʪ )()()(

2

1

2

1

2

1

n

k

k

n

k

k

n

k

kk baba   

 

ʜʦʙʠʿʘʤʦ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

 

)
1

...
11

()...()
1

...
11

(
21

21

2

2

2

1

1

n

n

n

n
xxx

xxx
x

x
x

x
x

x

 

)
1

...
11

()...()1...11(
21

21

2

n

n
xxx

xxx  

)
1

...
11

()...(
21

21

2

n

n
xxx

xxxn  

n

n

xxx

n

n

xxx

1
...

11

...

21

21 . 

 

ɼʦʙʠʿʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʧʨʝʜʩʪʘʚˀʘ ʥʝʿʝʜʥʘʢʦʩʪ ʘʨʠʪʤʝʪʠʯʢʝ ʠ 

ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ. 
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3. ʂʦʰʠʿʝʚʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʩʧʝʮʠʿʘʣʘʥ ʩʣʫʯʘʿ ʥʝʿʝʜʥʘʢʦʩʪʠ 

ʄʠʥʢʦʚʩʢʦʛ (Minkowski, 1864-1909, ʥʝʤʘʯʢʠ ʤʘʪʝʤʘʪʠʯʘʨ). ɿʘ 

ʧʨʦʠʟʚʦˀʥʝ n-ʪʦʨʢʝ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ ),...,,( 21 nʘʘʘa  ʠ 

),...,,( 21 nbbbb  ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 
n

k

ʢ

n

k

ʢ

n

k

kk baba
1

2

1

22

1

)( . 

 

ɼʦʢʘʟ.  
ʀʟ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʝ ʜʦʙʠʿʘ ʜʘ ʿʝ 

n

k

k

n

k

k

n

k

kk baba
1

2

1

2

1

.  

ɸʢʦ ʩʝ ʠ ʣʝʚʘ ʠ ʜʝʩʥʘ ʩʪʨʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʧʦʤʥʦʞʝ ʙʨʦʿʝʤ 2, ʟʘʪʠʤ ʠʤ 

ʩʝ ʜʦʜʘ 
22

2

2

1

22

2

2

1 ...... nn bbbʘʘʘ , ʠʟ ʪʦʛʘ ʩʣʝʜʠ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ  

 

ʅʝʿʝʜʥʘʢʦʩʪʠ 

 
n

k

ʢa
1

2
 + 2 k

n

k

kba
1

 + 
n

k

ʢ

n

k

k

n

k

k

n

k

ʢ

n

k

ʢ bbaab
1

2

1

2

1

2

1

2

1

2  

2

1

2

1

22

1

2

1

2 )()2(
n

k

ʢ

n

k

ʢkk

n

k

ʢ

n

k

kkʢ babʘbbʘa , ʧʘ ʿʝ 

n

k

ʢ

n

k

ʢʢ

n

k

ʢ baba
1

2

1

22

1

)( . 

 

4. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʘʢʦ x, y, z > 0 ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

9)
111

()(
zyx

zyx . 

 

ʈʝʰʝˁʝ:  
ʉʪʘʚˀʘʿʫ˂ʠ ʫ ʂʦʰʠ-ʐʚʘʨʮʦʚʫ ʥʝʿʝʜʥʘʢʦʩʪ ʜʘ ʿʝ 

z
b

y
b

x
bzayaxa

1
,

1
,

1
,,, 321321 . ɼʦʙʠʿʘʤʦ 

))
1

()
1

()
1

(())()()(()
111

()( 222222

zyx
zyx

zyx
zyx  

93)
111

( 22

z
z

y
y

x
x . 

 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ x = y = z. 
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5. ʅʝʢʘ ʿʝ a+b+c = 1. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 
3

1222 cba . 

 

ʈʝʰʝˁʝ:  

ʀʟ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʛʜʝ ʿʝ 

1,,, 321321 bbbcabaaa , ʜʦʙʠʿʘʤʦ 

)111()()(1 2222 cbacba , ʠʟ ʯʝʛʘ ʩʣʝʜʠ ʜʘ ʿʝ 

3

1222 cba . 

 

6. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 
2222222 zyxzyyzxx . 

 

ʈʝʰʝˁʝ:  
ʇʨʠʤʝʥʦʤ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʛʜʝ ʿʝ  

 

.,,, 2

22

1

22

21 ybzxbzyaxa
 

 

 ɼʦʙʠʿʘ ʩʝ ʥʝʿʝʜʥʘʢʦʩʪ 

 

.2222
2

22
2

222

2222

zyxyzxzyx

zyyzxx

 

 

7. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ acbcabcba 222 . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ abcbbbcabaaa 321321 ,,,,, , ʧʘ ʧʨʠʤʝʥʦʤ  

ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʝʿʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ 

)()()( 2222222 cbacbaacbcab , ʧʘ ʿʝ 

2222222 cbacbaacbcab . 

 

8. ɸʢʦ ʩʫ x, y, z ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ x+y+z = 6, ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ 

 12222 zyx . 

 

ʈʝʰʝˁʝ:  
ʂʦʨʠʩʪʝ˂ʠ ʂʦʰʠ-ʐʚʘʨʮʦʚʫ ʥʝʿʝʜʥʘʢʦʩʪ ʢʦʜ ʢʦʿʝ ʿʝ 

zbybxbaaa 321321 ,,,1
    
ʪʘʜʘ ʿʝ 
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)()111()( 2222222 zyxzyx ,  )(36 2222 zyx , ʧʘ ʩʣʝʜʠ 

12222 zyx . 

 

9. ʅʝʢʘ ʩʫ nxxx ,...,, 21  ʥʝʥʝʛʘʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ 

1...21 nxxx . ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ nxxx n...21 . 

 

ʈʝʰʝˁʝ:  
ʇʨʠʤʝʥʦʤ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘʤʦ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ 

ʥʝʿʝʜʥʘʢʦʩʪʠ:  

 

),...()1...11(

)1...11()...(

22

2

2

1

222

2

21

2

21

n

nn

xxx

xxxxxx

 

)...()...( 11

2

21 nn xxxnxxx . 

 

ʂʦʨʠʩʪʝ˂ʠ ʫʩʣʦʚ ʟʘʜʘʪʢʘ ʜʘ ʿʝ 1...21 nxxx , ʜʦʙʠʿʘʤʦ  

nxxx n

2

21 )...( , ʘ ʢʦʨʝʥʦʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘʤʦ 

nxxx n...21 , ʰʪʦ ʿʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

10. ʅʝʢʘ ʩʫ ,
4

1
,, cba , ʪʘʢʚʠ ʜʘ ʿʝ a+b+c = 1.  

 

ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 5141414 cbʘ . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ 14,14,14,1 321321 cbbbabaaa .  

 

ʇʨʝʤʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘʤʦ ʥʠʟ ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

 
222

222 141414111141414 cbacba

 

 1,3)(43141414 cbacbacba  

 73141414 cba  

 21141414 cba  

 5141414 cba . 
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11. ɸʢʦ ʩʫ a, b, c ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ, ʪʘʜʘ ʿʝ 

accbbacbaabc 333)( . ɼʦʢʘʟʘʪʠ. 

 

ʈʝʰʝˁʝ: 

ʀʟ ʠʟʨʘʟʘ 

)()(
2222

2 bac
b

c

a

b

c

a
b

b

c
a

a

b
c

c

a
cba  

ʩʣʝʜʠ 

b

c

a

b

c

a
cba

222
2)( . ʄʥʦʞʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ abc ʩʣʝʜʠ 

accbbacbaabc 333)( . 

 

12. ɸʢʦ ʩʫ x, y, z ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ x+y+z = 4 ʠ 

6222 zyx , ʧʦʢʘʟʘʪʠ ʜʘ ʦʥʠ ʧʨʠʧʘʜʘʿʫ ʠʥʪʝʨʚʘʣʫ 2,
3

2
. 

 

ʈʝʰʝˁʝ:  

ɼʘʪʝ ʿʝʜʥʘʢʦʩʪʠ ʥʘʧʠʰʠʤʦ ʫ ʦʙʣʠʢʫ y + z = 4-x, 222 6 xzy .  

ʇʨʠʤʝʥʦʤ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʛʜʝ ʿʝ a1 = a2 = 1, b1 = y, b2 = z, 

ʩʣʝʜʠ 

)6(2)()11()()4( 2222222 xzyzyx .  

ɼʘˀʝ ʠʟ )6(2)4( 22 xx  ʩʣʝʜʠ 0483 2 xx .  

ʅʫʣʝ ʧʦʣʠʥʦʤʘ ʩʫ 
3

2
1x  ʠ 32x , ʪʘʢʦ ʜʘ ʿʝ x ʠʟ ʠʥʪʝʨʚʘʣʘ 2,

3

2
.  

ʂʘʢʦ ʩʫ x, y, z ʩʠʤʝʪʨʠʯʥʠ ʙʨʦʿʝʚʠ ʫ ʦʙʝ ʿʝʜʥʘʢʦʩʪʠ, ʙʨʦʿʝʚʠ y ʠ z ʩʫ 

ʪʘʢʦʹʝ ʠʟ ʠʥʪʝʨʚʘʣʘ 2,
3

2
. 

 

13. ɸʢʦ ʩʫ a, b, c ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ, s ʧʦʣʫʦʙʠʤ, ʜʦʢʘʟʘʪʠ 

2333 4)
111

()( s
cbʘ

cba . 

 

ʈʝʰʝˁʝ:  
ʇʨʠʤʝʥʦʤ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʛʜʝ ʿʝ 

 
c

b
b

b
a

bcabaaa
1

,
1

,
1

,,, 321321 , ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

222222333 4)2()()
111

()( sscbacba
cbʘ

cba . 
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14. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʘʢʠ ʪʨʦʫʛʘʦ ʩʪʨʘʥʠʮʘ a, b, c ʠ ʪʝʞʠʰʥʠʭ ʜʫʞʠ 

ta, tb, tc ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ )(
2

3 222 cbactbtat cba , ʘ 

ʿʝʜʥʘʢʦʩʪ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ʪʨʦʫʛʘʦ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ. 

 

ʈʝʰʝˁʝ:  
ʋ ʂʦʰʠʿʝʚʦʿ ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʝʢʘ ʿʝ ʘ1 = ʘ, ʘ2 = b, ʘ3 = c, b1 = ta, b2 = tb,  

b3 = tc. ɼʦʙʠʿʘ ʩʝ ʥʝʿʝʜʥʘʢʦʩʪ  

 

)()( 2222222

cbacba tttcbatctbta           (1) 

 

ɸʢʦ ʩʫ taô, tbô, tcô ʨacʪʦʿʘˁʘ ʠʟʤʝʹʫ ʪʝʞʠʰʪʘ ʊ ʠ ʨʝʜʦʤ ʪʝʤʝʥʘ A, B, ʉ, 

ʠʤʘʤʦ  

aa tt
3

2,
, ʧʘ ʩʣʝʜʠ 

,

2

3
aa tt , ʟʘʪʠʤ bb tt

3

2,
 ʠ 

,

2

3
bb tt ,  

ʦʜʥʦʩʥʦ cc tt
3

2,
 ʠ 

,

2

3
cc tt . 

 

ʂʘʢʦ  ʿʝ 

222222222 22
2

1
,22

2

1
,22

2

1
cbatbactacbt cba ,  

ʦʜʘʚʜʝ ʩʣʝʜʠ ʜʘ ʿʝ  

).(
4

3

4

22

4

22

4

22

222

222222222
222

cba

cbabacacb
ttt cba

   

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ (1) ʠ ʧʨʝʜʭʦʜʥʝ ʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ 

 

222222222

2

3

4

3
cbacbacbactbtat cba .  

 

ʊʠʤʝ ʿʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʘ. 

 

 

15. ɸʢʦ ʩʫ a, b, c ʨʝʘʣʥʠ ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ ʟʘ ʢʦʿʝ ʚʘʞʠ a+b+c=1, 

ʜʦʢʘʟʘʪʠ ʜʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 
2

1222

ac

c

cb

b

ba

a
. 

 

ʈʝhʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʂʦʰʠ-ʐʚʘʨʮʦʚʫ ʥʝʿʝʜʥʘʢʦʩʪ ʛʜʝ ʿʝ 
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.

,,,,,

3

21321

acb

cbbbab
ac

c
a

cb

b
a

ba

a
a

  

 

ɼʦʙʠʿʘʤʦ 

))()()(()(
222

2 accbba
ac

c

cb

b

ba

a
cba , ʧʘ ʿʝ 

 

ac

c

cb

b

ba

acba 2222

2

)(
, ʦʥʜʘ ʿʝ   

 

ac

c

cb

b

ba

acba 222

2
. 

 

 

ʂʦʨʠʩʪʝ˂ʠ ʫʩʣʦʚ ʟʘʜʘʪʢʘ a+b+c=1, ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʘʢʦ ʿʝ ʘ = b = ʩ = 
3

1
. 
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6. ɻɽʆʄɽʊʈʀɱʉʂɽ ʅɽɱɽɼʅɸʂʆʉʊʀ 
 

 

Ăɸʨʠʪʤʝʪʠʢʘ ʠ ʛʝʦʤʝʪʨʠʿʘ ʩʫ ʢʨʠʣʘ ʤʘʪʝʤʘʪʠʢʝ. ʆʥʝ ʩʫ ʦʩʥʦʚʘ ʩʚʠʭ 

ʥʘʫʢʘ ʢʦʿʝ ʩʝ ʙʘʚʝ ʚʝʣʠʯʠʥʘʤʘ. ʂʘʜʘ ʜʦʹʝʤʦ ʜʦ ʥʝʢʦʛ ʨʝʟʫʣʪʘʪʘ, ʜʘ 

ʙʠʩʤʦ ʛʘ ʫʧʦʪʨʝʙʠʣʠ , ʤʦʨʘʤʦ ʛʘ ʠʟʨʘʟʠʪʠ ʙʨʦʿʝʚʠʤʘ ʠ ʣʠʥʠʿʘʤʘ. ɸʢʦ 

ʛʘ ʠʟʨʘʟʠʤʦ ʙʨʦʿʝʚʠʤʘ, ʩʣʫʞʠʤʦ ʩʝ ʘʨʠʪʤʝʪʠʢʦʤ, ʘʢʦ ʛʘ ʠʟʨʘʞʘʚʘʤʦ 

ʣʠʥʠʿʘʤʘ, ʩʣʫʞʠʤʦ ʩʝ ʛʝʦʤʝʪʨʠʿʦʤ.ñ 

 

( ʃʘʛʨʘʥʞ, Lagrange, 1736- 1813, ʠʪʘʣʠʿʘʥʩʢʦ-ʬʨʘʥʮʫʩʢʠ 

ʤʘʪʝʤʘʪʠʯʘʨ)  

 

ʇʨʠʤʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʫ ʛʝʦʤʝʪʨʠʿʠ ʧʦʜʨʘʟʫʤʝʚʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʚʝʟʘʥʝ 

ʟʘ ʝʣʝʤʝʥʪʝ ʪʨʦʫʛʣʘ, ʤʥʦʛʦʫʛʣʘ, ʠʣʠ ʥʝʢʝ ʜʨʫʛʝ ʛʝʦʤʝʪʨʠʿʩʢʝ ʬʠʛʫʨʝ 

(ʧʠʨʘʤʠʜʝ, ʢʫʧʝ, ʣʦʧʪʝ, ʠʪʜ). ʇʨʦʙʣʝʤʠ ʚʝʟʘʥʠ ʟʘ ʛʝʦʤʝʪʨʠʿʩʢʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʤʦʛʫ ʙʠʪʠ ʚʝʦʤʘ ʢʦʤʧʣʠʢʦʚʘʥʠ. ʋ ʤʥʦʛʠʤ ʩʣʫʯʘʿʝʚʠʤʘ 

ʨʝʰʘʚʘˁʝ ʟʘʜʘʪʘʢʘ ʧʦʜʨʘʟʫʤʝʚʘ ʫʧʦʪʨʝʙʫ ʜʦʩʪʘ ʩʣʦʞʝʥʦʛ ʨʘʯʫʥʩʢʦʛ, 

ʫʤʝʩʪʦ ʠʩʢˀʫʯʠʚʦ ʘʣʛʝʙʘʨʩʢʦʛ ʤʝʪʦʜʘ.  

ʐʠʨʠ ʩʤʠʩʘʦ, ʛʝʦʤʝʪʨʠʿʩʢʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ ʩʚʘʢʘ ʥʝʿʝʜʥʘʢʦʩʪ ʢʦʿʘ ʩʝ 

ʦʜʥʦʩʠ ʥʘ ʛʝʦʤʝʪʨʠʿʩʢʠ ʮʨʪʝʞ. 

 

 

6. 1. ʅʝʿʝʜʥʘʢʦʩʪʠ ʟʘ ʝʣʝʤʝʥʪʝ ʪʨʦʫʛʣʘ 

 

 

ʅʘʿʿʝʜʥʦʩʪʘʚʥʠʿʝ ʛʝʦʤʝʪʨʠʿʩʢʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʫ  Ăʥʝʿʝʜʥʘʢʦʩʪʠ 

ʪʨʦʫʛʣʘñ. ɸʢʦ ʩʫ  a, b, c ʜʫʞʠʥʝ ʩʪʨʘʥʠʮʘ ʪʨʦʫʛʣʘ ʪʘʜʘ ʿʝ a + b > c,   

b + c > a  ʠ  c + a > b ʠʣʠ ƅa - bƅ < c < a + b. 

ʄʥʦʛʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʢʦʿʝ ʩʝ ʦʜʥʦʩʝ ʥʘ ʩʪʨʘʥʠʮʝ a, b, c ʪʨʦʫʛʣʘ, ʤʦʛʫ ʩʝ 

ʜʦʢʘʟʘʪʠ ʪʘʢʦ ʰʪʦ ʩʝ ʚʝʣʠʯʠʥʝ a, b, c ʠʟʨʘʟʝ ʧʨʝʢʦ ʪʨʠ ʧʦʟʠʪʠʚʥʘ ʙʨʦʿʘ. 
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ʅʝʢʘ ʩʫ x, y, z ʪʘʥʛʝʥʪʝ ʜʫʞʠ ʠʟ ʪʝʤʝʥʘ A, B ʠ C ʪʨʦʫʛʣʘ ABC ʥʘ ˁʝʛʦʚ 

ʫʧʠʩʘʥ ʢʨʫʛ (ʉʣʠʢʘ 3.). ʀʟ ʪʦʛʘ ʿʝ a = y + z,  b = x + z, c = y + z   

(x, y, z > 0). ɺʘʞʠ ʠ ʦʙʨʘʪʥʦ, ʘʢʦ ʚʘʞʝ ʧʨʝʪʭʦʜʥʝ ʪʨʠ ʿʝʜʥʘʢʦʩʪʠ ʪʘʜʘ ʩʫ 

a, b ʠ c ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ. ʇʦʣʫʦʙʠʤ ʪʨʦʫʛʣʘ ʿʝ S = ,  

ʜʥʦʩʥʦ S = x + y + z.  

 

 

 

 

 

 

ʅʝʢʝ ʦʜ ʩʣʝʜʝ˂ʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʠʤʘʿʫ ʚʝʣʠʢʫ ʧʨʠʤʝʥʫ. 

 

1. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ʟʙʠʨ ʪʝʞʠʰʥʠʭ ʜʫʞʠ ʪʨʦʫʛʣʘ ʚʝ˂ʠ ʦʜ ʧʦʣʫʦʙʠʤʘ, 

ʘ ʤʘˁʠ ʦʜ ʦʙʠʤʘ ʪʦʛ ʪʨʦʫʛʣʘ. 

 

ʈʝʰʝˁʝ:  

ʇʦʪʨʝʙʥʦ ʿʝ ʜʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 

 

ʅʝʢʘ ʩʫ ʫ ʪʨʦʫʛʣʫ ABC, ʜʫʞʠʥʝ 

ʩʪʨʘʥʠʮʘ a, b, c ʠ ʪʝʞʠʰʥʘ ʜʫʞ  

 ta = AD. ʀʟ ʪʨʦʫʛʣʘ ABD ʿʝ  -  , 

ʘ ʠʟ ʪʨʦʫʛʣʘ ADC ʿʝ  -  . 

ʉʘʙʠʨʘˁʝʤ ʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

 

C 

A B 

z 

x 

x 

z 

y 

y 

ʉʣʠʢʘ 3. 

ɸ 

C 

E 

B D

  

c b 

b 

ta 

ʉʣʠʢʘ 4. 
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ʉʘ ʜʨʫʛʝ ʩʪʨʘʥʝ, ʘʢʦ ʧʨʦʜʫʞʠʤʦ ʪʝʞʠʰʥʫ ʜʫʞ AD ʧʨʝʢʦ ʪʘʯʢʝ D ʜʦ E, 

ʛʜʝ ʿʝ AD = DE , ʠʟ ʪʨʦʫʛʣʘ ABE ʿʝ  ta <  . ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

 

 

 

ʉʘʙʠʨʘˁʝʤ ʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

2. ɼʦʢʘʟʘʪʠ ʜʘ ʫ ʩʚʘʢʦʤ ʪʨʦʫʛʣʫ ʯʠʿʝ ʩʫ ʩʪʨʘʥʠʮʝ a, b, c ʠ ʧʦʣʫʦʙʠʤ 

S, ʚʘʞʝ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

a)  (a + b ï c) Ā (b + c ï a) Ā ( a + c ï b) Ò abc 

 

ʈʝʰʝˁʝ:  

ʘ) ʂʦʨʠʩʪʝ˂ʠ Ăʥʝʿʝʜʥʘʢʦʩʪ ʪʨʦʫʛʣʘñ ʛʜʝ ʿʝ  a > b ï c, b > c ï a, c > a ï b  

ʠ ʢʚʘʜʨʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ 

a
2
 > (b ï c)

2
   ʦʜʥʦʩʥʦ   a

2
 ï (b ï c)

2
 Ò a

2
  , ʧʘ ʿʝ   ï -       (1) 

b
2
 > (c ï a)

2
  ʦʜʥʦʩʥʦ   b

2
 ï (c ï a)

2
 Ò b

2
   , ʧʘ ʿʝ  - -        (2) 

c
2
 > (a ï b)

2
  ʦʜʥʦʩʥʦ  c

2
 ï (a ï b)

2
 Ò c

2
    , ʧʘ ʿʝ    ï ï     (3) 

ʄʥʦʞʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ (1), (2) ʠ (3) ʜʦʙʠʿʘ ʩʝ 

ï ï ï  Ò abc, 

ɸ ʪʦ ʿʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ 

ʪʨʦʫʛʘʦ. 
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ʙ) ʇʨʠʤʝʥʦʤ ʿʝʜʥʘʢʦʩʪʠ 

 

ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

3. ʋ ʩʚʘʢʦʤ ʪʨʦʫʛʣʫ ʯʠʿʝ ʩʫ ʩʪʨʘʥʠʮʝ a, b, c ʠ ʧʦʣʫʦʙʠʤ  S ʚʘʞʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ: 

 

 

 

ʈʝʰʝˁʝ:  

ʘ) ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʭʘʨʤʦʥʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʜʚʘ 

ʧʦʟʠʪʠʚʥʘ ʙʨʦʿʘ ʿʝ 

 

 

 

ɿʙʠʨ ʧʨʝʪʭʦʜʥʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

 

      

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ ʪʨʦʫʛʘʦ. 
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ʙ)  ʅʝʢʘ ʿʝ  x = S ï a, y = S ï b, z = S ï c,  ʪʘʜʘ ʿʝ 

 

 

ʉʣʠʯʥʦ ʪʦʤʝ ʿʝ 

 

 

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʥʘ x ʠ y ʠʟ ʟʘʜʘʪʢʘ 3. ʧʦʜ ʘ), ʜʦʙʠʿʘ ʩʝ  

ï ï

ï ï

ï ï
, ʢʘʢʦ ʿʝ 2S ï a - b = c,  

ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ (S ï a)(S ï b) Ò  .  

ʅʘ ʩʣʠʯʘʥ ʥʘʯʠʥ ʩʝ ʜʦʙʠʿʘ (Sï b)(S ï c) Ò  ʠ (S ï c)(S ï a) Ò  . 

ʉʘʙʠʨʘˁʝʤ ʧʨʝʪʭʦʜʥʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ. 

ʮ) ɸʢʦ ʩʝ ʧʦʤʥʦʞʝ ʧʨʝʪʭʦʜʥʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʜʦʙʠʿʘ ʩʝ  

(S ï a)
2
(S ï b)

2
(S ï c)

2
 Ò  .  

ʂʘʜʘ ʩʝ ʧʨʠʤʝʥʠ ʢʦʨʝʥʦʚʘˁʝ ʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪ. ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ a = b = c. 

 

4. ɸʢʦ ʩʫ ha, hb, hc ʦʜʛʦʚʘʨʘʿʫ˂ʝ ʚʠʩʠʥʝ ʠ r ʧʦʣʫʧʨʝʯʥʠʢ ʫʧʠʩʘʥʝ 

ʢʨʫʞʥʠʮʝ ʪʨʦʫʛʣʘ. ɼʦʢʘʟʘʪʠ: 

a) ha Ā hb Ā hc Ó 27 r
3
 

ʙ) ha + hb + hc Ó 9 r 
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ʈʝʰʝˁʝ:  

a) ʂʦʨʠʩʪʝ˂ʠ ʦʙʨʘʟʘʮ ʟʘ ʧʦʚʨʰʠʥʫ ʪʨʦʫʛʣʘ 

 

ɼʦʙʠʿʘ ʩʝ ʜʘ ʿʝ  

 

 

ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʟʘ 

ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ ʿʝ 

 

ʂʦʨʠʩʪʝ˂ʠ ʿʝʜʥʘʢʦʩʪ (1) ʠ ʧʨʝʪʭʦʜʥʫ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ 

(a + b +c)
3
 Ó 27 abc. 

 

ʊʠʤʝ ʿʝ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʘ. ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʢʘʜʘ ʿʝ a = b = c. 

 

ʙ) ʂʦʨʠʩʪʝ˂ʠ ʿʝʜʥʘʢʦʩʪ  

 

 

ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʭʘʨʤʦʥʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʿʝ  

 ha + hb + hc Ó 9r. 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ ʪʨʦʫʛʘʦ. 
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5. ʋ ʩʚʘʢʦʤ ʦʰʪʨʦʫʛʣʦʤ ʪʨʦʫʛʣʫ ʧʦʩʪʦʿʝ ʜʚʘ ʫʛʣʘ ʯʠʿʘ ʿʝ ʨʘʟʣʠʢʘ 

ʤʘˁʘ ʦʜ   . 

ʈʝʰʝˁʝ:  

ʇʨʝʪʧʦʩʪʘʚʠʤʦ ʜʘ ʪʚʨʹʝˁʝ ʥʠʿʝ ʪʘʯʥʦ, ʜʘ ʿʝ Ŭ ï ɓ Ó  ʠ ɓ ï ɔ Ó  .  

ʉʘʙʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ Ŭ ï ɔ Ó   > , ʦʜʥʦʩʥʦ,  Ŭ Ó ɔ +  .  

ʂʘʢʦ ʿʝ ˊ = Ŭ + ɓ + ɔ Ó ɓ + 2ɔ +    ʩʣʝʜʠ ɓ + 2ɔ Ò  .  

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ï ɓ + ɔ Ò  , ʩʣʝʜʠ  ɔ Ò . 

ʀʟ  ́  = Ŭ + ɓ + ɔ Ò Ŭ + ɓ +  ʩʣʝʜʠ Ŭ + ɓ Ó  , ʦʜʥʦʩʥʦ Ŭ Ó  . 

ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ ʪʦ ʩʫʧʨʦʪʥʦ ʧʨʝʪʧʦʩʪʘʚʮʠ ʜʘ ʿʝ ʪʨʦʫʛʘʦ ʦʰʪʨʦʫʛʣʠ, 

ʪʠʤʝ ʿʝ ʪʚʨʹʝˁʝ ʜʦʢʘʟʘʥʦ. 

6. ɸʢʦ ʿʝ  a <  (b + c)  ʦʥʜʘ ʿʝ  Ŭ <  (ɓ + ɔ).  

ɼʦʢʘʟʘʪʠ ʜʘ ʥʝʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʩʚʘʢʠ ʪʨʦʫʛʘʦ ʯʠʿʝ ʩʫ ʩʪʨʘʥʠʮʝ a, b, c 

ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʫʛʣʦʚʠ Ŭ, ɓ, ɔ. 

 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʦʩʦʙʠʥʫ ʜʘ ʿʝ -1 Ò sinɓ Ò 1 ʠ -1 Ò sinɔ Ò 1 ʜʦʙʠʿʘʤʦ 

ʥʝʿʝʜʥʘʢʦʩʪ sinŬ <  Ā (sinɓ + sinɔ).  ʇʨʠʤʝʥʦʤ ʪʨʘʥʩʬʦʨʤʘʮʠʿʝ ʟʙʠʨʘ 

ʬʫʥʢʮʠʿʝ ʩʠʥʫʩ ʫ ʧʨʦʠʟʚʦʜ ʜʦʙʠʿʘ ʩʝ sinŬ <   Ā 2 sin  Ā cos 
-

 . 

ʂʘʢʦ ʿʝ sin
-

  Ò 1 ʩʣʝʜʠ ʜʘ ʿʝ sinŬ < sin  . 

ʀʟ ʫʩʣʦʚʘ ʟʘʜʘʪʢʘ ʫʛʘʦ Ŭ ʿʝ ʦʰʪʘʨ, ʫʛʣʦʚʠ ɓ ʠ ɔ ʩʫ ʪʘʢʦʹʝ ʦʰʪʨʠ.  

ʋ ʧʨʦʪʠʚʥʦʤ ˁʠʭʦʚ ʟʙʠʨ ʙʠ ʙʠʦ ʚʝ˂ʠ ʦʜ ˊ. 
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7. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʪʨʦʫʛʘʦ ABC  ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

 

 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝʥʦʤ ʢʦʩʠʥʫʩʥʝ ʪʝʦʨʝʤʝ ʥʘ ʪʨʦʫʛʘʦ ABC ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ  

a
2
 = b

2
 + c

2
 ï 2bc Ā cosŬ  ʜʝʣʝˁʝʤ ʿʝʜʥʘʢʦʩʪʠ ʩʘ ab ʿʝ 2cosŬ +  =  +  .  

ʂʦʨʠʩʪʝ˂ʠ ʊʚʨʹʝˁʝ 1.13.  (  +  Ó 2)   ʜʦʙʠʿʘ ʩʝ  

   Ó 2 (1 ï cosŬ) = 4sin
2  . ɸʥʘʣʦʛʥʦ ʪʦʤʝ ʿʝ b

2
 = a

2
 + c

2
 ï 2ac cosɓ, 

ʦʜʥʦʩʥʦ  Ó 4sin
2
  ʠ  Ó 4sin

2
 .  

ʉʘʙʠʨʘˁʝʤ ʧʨʝʪʭʦʜʥʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

Jʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ ʪʨʦʫʛʘʦ. 

 

8. ɸʢʦ ʩʫ Ŭ, ɓ, ɔ ʫʥʫʪʨʘʰˁʠ ʫʛʣʦʚʠ ʪʨʦʫʛʣʘ ABC, ʜʦʢʘʟʘʪʠ ʜʘ ʚʘʞʠ 

ʥʝʿʝʜʥʘʢʦʩʪ 

 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʩʫ a, b, c ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ. ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ a < b + c  ʟʘʢˀʫʯʫʿʝʤʦ  

,  ʿʝʨ ʿʝ a < b + c 

û=ü  . 

ʇʨʠʤʝʥʦʤ ʩʠʥʫʩʥʝ ʪʝʦʨʝʤʝ ʥʝʢʘ ʿʝ 
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ʦʜʥʦʩʥʦ x = ï  

ɸʥʘʣʦʛʥʦ ʪʦʤʝ ʿʝ y  -   ʠ   

z = . 

ʇʨʠ ʪʦʤʝ ʿʝ  =  ,  =  ,  =  . 

ʃʝʚʘ ʩʪʨʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʢʦʿʘ ʩʝ ʜʦʢʘʟʫʿʝ ʿʝ 

 

ʂʦʨʠʩʪʝ˂ʠ ʊʚʨʹʝˁʝ 1. 13. ʜʦʙʠʿʘ ʩʝ ʜʝʩʥʘ ʩʪʨʘʥʘ ʧʨʝʪʭʦʜʥʝ ʿʝʜʥʘʢʦʩʪʠ 

 Ā 6 = 3. ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪ.  

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ,  

ʦʜʥʦʩʥʦ ʟʘ a = b = c ʢʦʜ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʥʦʛ ʪʨʦʫʛʣʘ. 

 

9. ɸʢʦ ʩʫ Ŭ, ɓ ʠ ɔ ʫʛʣʦʚʠ ʪʨʦʫʛʣʘ, ʜʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ  

tg
2
  + tg

2
  + tg

2
  Ó 1. 

 

ʈʝʰʝˁʝ:  

ʂʘʢʦ ʿʝ Ŭ + ɓ + ɔ = 180Ü, ʦʜʥʦʩʥʦ,  = 90º , ʧʨʠʤʝʥʦʤ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʪʨʘʥʩʬʦʨʤʘʮʠʿʘ ʜʦʙʠʿʘ ʩʝ  
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ʋʚʦʜʝ˂ʠ ʩʤʝʥʫ x = tg , y = tg  , z = tg   ʫ ʧʨʝʪʭʦʜʥʫ ʿʝʜʥʘʢʦʩʪ, ʜʦʙʠʿʘ 

ʩʝ  xy + yz + xz = 1.  

ʇʨʠʤʝʥʦʤ ʧʦʟʥʘʪʝ ʥʝʿʝʜʥʘʢʦʩʪʠ x
2
 + y

2
 + z

2
 Ó xy + xz + yz,  

ʢʦʿʘ ʿʝ ʪʘʯʥʘ, ʿʝʨ ʿʝ 2x
2
 + 2y

2
 + 2z

2
 ï 2xy ï 2xz ï 2yz Ó 0,   

ʪʦ ʿʝʩʪ (x ï y)
2
 + (y ï z)

2
 + (z ï x)

2
 Ó 0. 

ɼʦʙʠʿʘ ʩʝ ʜʘ ʿʝ x
2
 + y

2
 + z

2
 Ó 1, ʪʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ ʿʝ x = y = z =  , ʦʜʥʦʩʥʦ Ŭ = ɓ = ɔ = 60º 

(ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ ʪʨʦʫʛʘʦ). 

 

10. ɸʢʦ ʩʫ a, b, c ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ ʠ Ŭ, ɓ, ɔ ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʫʛʣʦʚʠ 

(ʠʟʨʘʞʝʥʠ ʫ ʨʘʜʠʿʘʥʠʤʘ), ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ 

 Ò  <  . 

 

ʈʝʰʝˁʝ:  

a) ɼʦʢʘʟ ʣʝʚʝ ʩʪʨʘʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ.  

ɸʢʦ ʿʝ a Ó b, ʪʘʜʘ ʿʝ Ŭ Ó ɓ ʦʜʥʦʩʥʦ (a - b)(Ŭ - ɓ) Ó 0. ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ 

ʿʝ a = b. ʉʣʠʯʥʦ ʪʦʤʝ ʿʝ (b ïc)(ɓ ï ɔ) Ó 0 ʠ (c ï a)(ɔ ï Ŭ) Ó 0.  

ʉʘʙʠʨʘˁʝʤ ʧʨʝʪʭʦʜʥʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

(a ï b)(Ŭ ï ɓ) + (b ïc)(ɓ ï ɔ) + (c ï a)(ɔ ï Ŭ) Ó 0 ,  

ʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ a = b = c. 

ʂʦʨʠʩʪʝ˂ʠ ʫʩʣʦʚ Ŭ + ɓ + ɔ = ˊ, ʧʨʝʪʭʦʜʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʩʝ 

ʪʨʘʥʩʬʦʨʤʠʰʝ, ʧʘ ʿʝ  a(2Ŭ ï ɓ ï ɔ) + b(2ɓ ï ɔ ï Ŭ) + c(2ɔ ï Ŭ ï ɓ) Ó 0,  

ʪʦ ʿʝʩʪ  a(3Ŭ ï )́ + b(3ɓ ï )́ + c(3ɾ ï ˊ) Ó 0,  

ʦʜʥʦʩʥʦ 3(aŬ + bɓ + cɔ) Ó ́(a + b +c) ʠʟ ʪʦʛʘ ʿʝ  

  Ó  . 
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ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʩʘʤʦ ʘʢʦ ʿʝ ʪʨʦʫʛʘʦ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ. 

ʙ) ɼʦʢʘʟ ʜʝʩʥʝ ʩʪʨʘʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ. 

ʇʦʰʪʦ ʿʝ ʟʙʠʨ ʜʚʝ ʩʪʨʘʥʠʮʝ ʚʝ˂ʠ ʦʜ ʪʨʝ˂ʝ, ʩʣʝʜʠ  

(b + c ï a) Ā Ŭ + (c + a ï b) Ā ɓ + (a + b ï c) Ā ɔ > 0, ʧʘ ʿʝ 

a(ɓ + ɔ ï Ŭ) + b(ɔ + Ŭ ï ɓ) + c(Ŭ + ɓ ï ɔ) > 0, 

a(́  - 2Ŭ) + b(́  - 2ɓ) + c(́  - 2ɔ) > 0, 

(́a + b + c) > 2 Ā (aŬ + bɓ + cɔ), 

 

ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

11. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʫʛʣʦʚʝ Ŭ, ɓ, ɔ ʪʨʦʫʛʣʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ  

sin
2  + sin

2  + sin
2  Ó  . 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝˁʫʿʫ˂ʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʬʦʨʤʫʣʫ ʜʚʦʩʪʨʫʢʦʛ ʫʛʣʘ  

sin
2
  = -

  ʥʘ ʥʝʿʝʜʥʘʢʦʩʪ, ʜʦʙʠʿʘ ʩʝ  

 
-

 + 
-

 + 
-

 Ó  , ʦʜʥʦʩʥʦ 

cosŬ + cosɓ + cosɔ Ò        (1) 

 

ʂʦʨʠʩʪʝ˂ʠ ʿʝʜʥʘʢʦʩʪʠ  

cosŬ + cosɓ = 2 Ā cos  Ā cos
-

    ʠ 

cosɾ = cos(ˊ ï (Ŭ + ɓ)) = -cos (Ŭ + ɓ) = -2 Ā cos
2
  + 1, 
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ʅʝʿʝʜʥʘʢʦʩʪ (1) ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ ʩʘ 

cos  Ā cos 
-

 cos
2
  Ò  , ʦʜʥʦʩʥʦ ʩʘ 

-
ï -

-
 , 

ʰʪʦ ʿʝ ʫʚʝʢ ʪʘʯʥʦ. ʊʠʤʝ ʿʝ ʜʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʘ.  

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʘʥ ʪʨʦʫʛʘʦ. 

 

 

6. 2. ʇʨʠʤʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʘ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ 

 

1. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ʫ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ ʟʙʠʨ ʢʫʙʦʚʘ ʢʘʪʝʪʘ ʤʘˁʠ ʦʜ 

ʢʫʙʘ ʭʠʧʦʪʝʥʫʟʝ. 

 

ʈʝʰʝˁʝ:  

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ a < c ʠ b < c ʩʣʝʜʠ a
3
 < a

2
c ʠ b

3
 < b

2
c. ʉʘʙʠʨʘˁʝʤ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ a
3
 + b

3
 < c(a

2
 + b

2
) = c Ā c

2
 = c

3
. ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʪʨʘʞʝʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪ,  a
3 
+ b

3
 < c

3
. ɿʘʜʘʪʘʢ ʙʠ ʩʝ ʤʦʛʘʦ ʫʦʧʰʪʠʪʠ, ʟʘ ʩʚʘʢʠ 

ʧʨʠʨʦʜʘʥ ʙʨʦʿ n > 2,  ʿʝ a
n
 + b

n
 < c

n
. ʂʘʢʦ ʿʝ  a

n-2
 < c

n-2
 ʠ  b

n-2
 < c

n-2
, 

ʤʥʦʞʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ a
2
 ʠ b

2
 ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ a

n
 < a

2
 c

n-2
 ʠ  

b
n
 < b

2
 c

n-2
. ɿʙʠʨ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ a

n
 + b

n
 < c

n-2
 (a

2
 + b

2
) = c

n-2
 Ā c

2
 = c

n
. 

 

2. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ʫ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ ʟʙʠʨ ʢʘʪʝʪʘ ʤʘˁʠ ʦʜ c . 

 

ʈʝʰʝˁʝ:  

ʂʘʢʦ ʿʝ c
2
 = a

2
 + b

2
 =  + 

ï
, ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

 2c
2
 > (a + b)

2
, ʦʜʥʦʩʥʦ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʘ + b < c . 

ɱʝʜʥʘʢʦʩʪ ʙʠ ʚʘʞʠʣʘ ʟʘ ʿʝʜʥʦʢʨʘʢʦ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ. 
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3. ʋ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ ʟʙʠʨ ʭʠʧʦʪʝʥʫʟʝ ʠ ʚʠʩʠʥʝ ʥʘʜ ʭʠʧʦʪʝʥʫʟʦʤ 

ʿʝ ʚʝ˂ʠ ʦʜ ʟʙʠʨʘ ʢʘʪʝʪʘ. ɼʦʢʘʟʘʪʠ. 

ʈʝʰʝˁʝ:  

ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ  c > a ʠ c > b ʿʝ c ï a > 0  ʠ c ï b > 0,  

ʦʜʥʦʩʥʦ    (c ï a)(c ï b) > 0, ʧʘ ʿʝ  c
2
 + ab > c (a + b).  

ɼʝʣʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ c > 0 ʿʝ  

 

ʇʨʠʤʝʥʦʤ ʬʦʨʤʫʣʝ ʟʘ ʧʦʚʨʰʠʥʫ ʪʨʦʫʛʣʘ ʿʝ h =  , ʪʠʤʝ ʿʝ ʧʨʝʪʭʦʜʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪ   

c + h > a + b, ʰʪʦ ʿʝ ʪʨʝʙʘʣʦ ʜʦʢʘʟʘʪʠ. 

 

4. ɼʦʢʘʟʘʪʠ ʜʘ ʫ ʙʠʣʦ ʢʦʤ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ ʚʘʞʠ 0,4 <  < 0,5  

ʛʜʝ ʿʝ r ʧʦʣʫʧʨʝʯʥʠʢ ʫʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ ʠ h ʚʠʩʠʥʘ ʥʘʜ 

ʭʠʧʦʪʝʥʫʟʦʤ. 

 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʬʦʨʤʫʣʫ ʟʘ ʧʦʚʨʰʠʥʫ ʪʨʦʫʛʣʘ P =  c h =  (a + b + c) Ā r 

ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ   =  . ʂʘʢʦ ʿʝ a + b > c, ʟʥʘʯʠ ʜʘ ʿʝ  <   =  

ʂʦʨʠʩʪʝ˂ʠ ʜʘ ʿʝ  a
2
 + b

2
 Ó Ó (a + b)

2
  ʠ c

2
 = a

2
 + b

2
 ʩʣʝʜʠ ʜʘ ʿʝ  

2c
2
 Ó (a + b)

2
, ʪʦ ʿʝʩʪ a + b Ò c. ʀʟ ʥʘʚʝʜʝʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

 

ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 
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5. ɿʘ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ: 

ʘ)  R + r Ó         ʙ)  R Ó r(1 +  ) 

ʛʜʝ ʿʝ R ʧʦʣʫʧʨʝʯʥʠʢ ʦʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ, r ʧʦʣʫʧʨʝʯʥʠʢ ʫʧʠʩʘʥʝ 

ʢʨʫʞʥʠʮʝ ʠ P ʧʦʚʨʰʠʥʘ ʪʨʦʫʛʣʘ. 

 

ʈʝʰʝˁʝ:  

ʂʘʢʦ ʿʝ P = r Ā s = r Ā  ʠ P =  ʟʥʘʯʠ ʜʘ ʿʝ  r =  . 

ʂʦʜ ʧʨʘʚʦʫʛʣʦʛ ʪʨʦʫʛʣʘ  ʿʝ  R =   ʠ ʜʦʙʠʿʘ ʩʝ   

R + r  =  +  =  +  Ā 
-

-
 

=  + 
ï

-
 = 

ï

ï
 

=  + 
ï

 =    + 
-

. 

ʇʨʠʤʝʥʦʤ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 Ó ,  ʦʜʥʦʩʥʦ 

R + r Ó   ʦʜʥʦʩʥʦ 

R + r Ó . 

ʊʠʤʝ ʿʝ ʪʨʘʞʝʥʘ ʿʝʜʥʘʢʦʩʪ ʜʦʢʘʟʘʥʘ. 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʢʘʜʘ ʿʝ ʘ = b. 

ʙ)  ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪʠ  a + b Ò c  ʠʟ ʟʘʜʘʪʢʘ 2, ʤʥʦʞʝˁʝʤ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ  1 + , ʜʦʙʠʿʘ ʩʝ   

(a + b) (1 + ) Ò c Ā (1 + ) = c(  + 2) = c(1 + ) + c, ʦʜʥʦʩʥʦ 

(a + b ï c) (1 + ) Ò c. 
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ʂʦʨʠʩʪʝ˂ʠ ʜʘ ʿʝ  R =   ʠ  r = 
-

 ʜʦʙʠʿʘ ʩʝ  

2r (1 + ) Ò 2R  ʠʟ ʪʦʛʘ ʿʝ R Ó r(1 + ),  ʪʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ a = b, ʛʜʝ ʿʝ c = a ʠ R = r(1 + ). 

6. ɿʘ ʪʝʞʠʰʥʝ ʜʫʞʠ ta ʠ tb ʧʨʘʚʦʫʛʣʦʛ ʪʨʦʫʛʣʘ ʯʠʿʝ ʩʫ ʢʘʪʝʪʝ ʘ ʠ b, 

ʭʠʧʦʪʝʥʫʟʘ c, ʚʘʞʝ ʥʝʿʝʜʥʘʢʦʩʪʠ: 

ʘ)    <  < 2 

ʙ)   Ó  

 ʮ)  ta Ā tb Ó  Ā P 

 ʜ)  Ò  . 

 ʈʝʰʝˁʝ:  

ʘ) ʇʨʠʤʝʥʦʤ ʇʠʪʘʛʦʨʠʥʝ ʪʝʦʨʝʤʝ ʥʘ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ CAA1 ʠ BCB1  

je  

        ta
2
 = + b

2
    ʠ   

        tb
2
 =  + a

2
                (1) 

                           

                                       ɼʝʣʝˁʝʤ ʦʚʠʭ ʿʝʜʥʘʢʦʩʪʠ ʿʝ 

 

  =  .                           =  . 

 

 

ɸ 

B C A1 a/2 a/2 

 

B1 

b/2

2 

b/2 

 

ta 

tb 
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- -
- ʦʜʥʦʩʥʦ 

 

 

 

ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

ʙ) ʉʘʙʠʨʘˁʝʤ ʿʝʜʥʘʢʦʩʪʠ (1) ʿʝ 

ta
2
 + tb

2
 =  (a2

 + b
2
)                             (2) 

 ɳʠʭʦʚʠʤ ʤʥʦʞʝˁʝʤ ʿʝ 

ta
2
 Ā tb

2
 =  (a4

 + b
4
) +  a2

b
2
            (3) 

ʂʘʢʦ ʿʝ  (a
2
 ï b

2
) 

2 
Ó 0  ʩʣʝʜʠ   

a
4 
+ b

4
 Ó 2a

2
b

2
                                       (4) 

ʂʦʨʠʩʪʝ˂ʠ ʨʝʣʘʮʠʿʝ (3) ʠ (4) ʿʝ 

ta
2
 Ā tb

2
 Ó  2a

2
b

2
 +  a2

b
2
, ʧʘ ʿʝ 

ta
2
 Ā  tb

2
 Ó  a2

b
2
, ʩʣʝʜʠ 

ta Ā tb Ó  ab.                                          (5) 

ʇʨʠʤʝʥʦʤ ʿʝʜʥʘʢʦʩʪʠ (2) ʠ (5) ʿʝ 

(ta + tb)
2
 = ta

2
 + tb

2
 + 2tatb Ó  (a2

 + b
2
) +  ab =  (a + b)

2
. 
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ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ  ta + tb Ó  (a + b), ʦʜʥʦʩʥʦ 

 Ó  . 

ʮ) ʄʥʦʞʝˁʝʤ ʿʝʜʥʘʢʦʩʪʠ (1) ʿʝ 

ta
2
 Ā tb

2
 = (   + b

2
)(  + a

2
) =  (4a

4
 + a

2
b

2 
 + 16a

2
b

2
 + 4b

4
) =  

 [4(a
2
 + b

2
)
2
 + 9a

2
b

2
]                        (6) 

ʇʨʠʤʝʥʦʤ ʧʦʟʥʘʪʠʭ ʬʦʨʤʫʣʘ   2P = ab = c Ā h ʠ c
2
 = a

2
 + b

2
   je 

ta
2
 Ā tb

2
 =  (h2

 + 9c
2
h

2
) =  h2

(1 + 9c
2
). 

Kaʢo je  c > 2h, ʩʣʝʜʠ 9c
2
 > 4h

2
, ʦʜʥʦʩʥʦ 

ta
2 
Ā tb

2
 Ó   h2

  ʦʜʥʦʩʥʦ ta Ā tb Ó  h. 

ʀʟ ʿʝʜʥʘʢʦʩʪʠ (6) ʿʝ ta
2
tb

2 
=  (4c

4
 + 9a

2
b

2
). 

ʂʦʨʠʩʪʝ˂ʠ ʜʘ ʿʝ c Ó 2h ʠ ʿʝʜʥʘʢʦʩʪ ʜʦʙʠʿʘ ʩʝ  

ta
2
 Ā tb

2
 Ó  = ʦʜʥʦʩʥʦta Ā tb Ó  Ā P. 

ʜ) ʂʘʢʦ ʿʝ (ta ï tb)
2
 Ó 0 ʦʜʥʦʩʥʦ ta

2
 ï 2tatb + tb

2
 Ó 0.  

ʉʘʙʠʨʘˁʝʤ ʿʝʜʥʘʢʦʩʪʠ (2) ʠ  

ta
2
 + tb

2
 Ó 2tatb  ʜʦʙʠʿʘ ʩʝ 

2 Ā (ta
2
 + tb

2
) Ó 2ta Ā tb + ta

2
 + tb

2
 , 

2 Ā (ta
2
 + tb

2
) Ó (ta + tb)

2  
, 

ta + tb Ò  .              (7) 
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ʂʦʨʠʩʪʝ˂ʠ ʿʝʜʥʘʢʦʩʪ (2) ʛʜʝ ʿʝ  

 

ʢʘʜʘ ʩʝ ʫʚʨʩʪʠ ʫ ʥʝʿʝʜʥʘʢʦʩʪ (7), ʜʦʙʠʿʘ ʩʝ 

ta + tb Ò    ʧʘ ʿʝ   Ò  . 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ a = b, ʦʜʥʦʩʥʦ ʿʝʜʥʘʢʦʢʨʘʢʠ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ ʛʜʝ ʿʝ 

 

7. ɿʘ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ ʚʘʞʠ  cos
2
 

-
 >     ʛʜʝ ʩʫ Ŭ ʠ ɓ ʦʰʪʨʠ 

ʫʛʣʦʚʠ, a ʠ b ʢʘʪʝʪʝ ʠ c ʿʝ ʭʠʧʦʪʝʥʫʟʘ. ɼʦʢʘʟʘʪʠ. 

ʈʝʰʝˁʝ:  

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 

 

 

ʂʘʢʦ ʿʝ Ŭ + ɓ = 90Ü ʩʣʝʜʠ ʜʘ ʿʝ sin  =   ʠ   cos
-

 Ó   

 

-
, 

 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ sinŬ = sinɓ ʦʜʥʦʩʥʦ Ŭ = ɓ = 45º. 
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8. ʂʨʫʛ ʫʧʠʩʘʥ ʫ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ ʭʠʧʦʪʝʥʫʟʝ c ʜʦʜʠʨʫʿʝ ʢʨʘʢʝ 

ʦʰʪʨʦʛ ʫʛʣʘ ʫ ʪʘʯʢʘʤʘ M ʠ N. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ MN < 2c  . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ʢʨʫʛ ʫʧʠʩʘʥ ʫ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ ɸBC ʭʠʧʦʪʝʥʫʟʝ c = AB, ʢʨʫʛ 

ʜʦʜʠʨʫʿʝ ʢʨʘʢʝ ʦʰʪʨʦʛ ʫʛʣʘ Ŭ =  ᷂BAC ʫ ʪʘʯʢʘʤʘ M ʠ N. 

ʊʘʜʘ ʿʝ AM =  Ā (AB + AC ï BC), 

AM =  Ā ( 1 + cosŬ ï sinŬ)  ʠ 

MN = 2AM sin  , 

MN = c cos  (1 + cosŬ ï sinŬ), 

MN = c sinŬ (cos  - sin  ), 

 

MN = c ï  , 

MN =  -  , 

 

 

 

 

 

 

 

ʄ 

 

 

 

B 

A C N 

Ŭ 
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6. 3. ʇʨʠʤʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʘ ʥʝʢʝ ʤʥʦʛʦʫʛʣʦʚʝ 

 

 

1. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ʨʘʟʣʠʢʘ ʦʩʥʦʚʠʮʘ ʪʨʘʧʝʟʘ ʚʝ˂ʘ ʦʜ ʨʘʟʣʠʢʝ 

ˁʝʛʦʚʠʭ ʢʨʘʢʦʚʘ. 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ  ABCD ʪʨʘʧʝʟ ʢʦʜ ʢʦʛʘ ʿʝ AB ƅƅ CD, AB > CD ʠ ʪʘʯʢʘ ɽ 

ʧʨʠʧʘʜʘ ʦʩʥʦʚʠʮʠ AB, ʛʜʝ ʿʝ ɸɽ = CD.ʏʝʪʚʦʨʦʫʛʘʦ ɸɽCD ʿʝ 

ʧʘʨʘʣʝʣʦʛʨʘʤ, ʧʘ ʿʝ CE = ɸD, Bɽ = ɸB - CD. ɿʘ ʪʨʦʫʛʘʦ BCE ʤʦʨʘ 

ʚʘʞʠʪʠ ʥʝʿʝʜʥʘʢʦʩʪ BE > ƅBC - CE ƅ. ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪ  

AB ï CD > ƅBC - ADƅ. 

 

 

 

 

 

 

 

 

 

2. ʋ ʩʚʘʢʦʤ ʢʦʥʚʝʢʩʥʦʤ ʯʝʪʚʦʨʦʫʛʣʫ ʟʙʠʨ ʜʠʿʘʛʦʥʘʣʘ ʿʝ ʚʝ˂ʠ ʦʜ 

ʟʙʠʨʘ ʜʚʝ ʥʘʩʧʨʘʤʥʝ ʩʪʨʘʥʠʮʝ. 

ʈʝʰʝˁʝ:  

ʋ ʜʘʪʦʤ ʯʝʪʚʦʨʦʫʛʣʫ ɸBCD, ʘʢʦ ʩʫ ʜʠʿʘʛʦʥʘʣʝ ɸC = l, BD = f; ʪʚʨʜʠʤʦ 

ʜʘ ʿʝ   l + f > a + c  ʠʣʠ  l + f > b + d. ʂʨʦʟ ʪʝʤʝʥʘ B ʠ D ʯʝʪʚʦʨʦʫʛʣʘ 

ʦʜʨʝʜʠʤʦ ɸ1B1 ʪʘʢʦ ʜʘ ʿʝ ɸ1B1 ƅƅ  C1D1 ƅƅ  ɸC.  

D C 

B E A 

ʉʣʠʢʘ 7. 
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 ʂʨʦʟ ʪʝʤʝʥʘ ɸ ʠ C  ʦʜʨʝʜʠʤʦ ʜʫʞ B1C1  ʛʜʝ ʿʝ B1C1  ƅƅ  A1D1 ƅƅ  BD.  

ʋ ʧʘʨʘʣʝʣʦʛʨʘʤʫ ɸɸ1B1C  ʿʝ ɸɸ1 = CB1 = x, ʫ ʧʘʨʘʣʝʣʦʛʨʘʤʫ ɸCC1D1  

ʿʝ  ɸD1 = CC1 = u , ʫ ʧʘʨʘʣʝʣʦʛʨʘʤʫ ɸ1BDD1  ʿʝ  ɸ1B = D1D = y, ʫ 

ʧʘʨʘʣʝʣʦʛʨʘʤʫ BB1C1D ʿʝ  BB1 = DC1 = z. ʀʟ ʪʨʦʫʛʣʦʚʘ ɸɸ1B, BB1C, 

CC1D ʠ ADD1  ʿʝ  x + y > a, x + z > b, z + u > c, y + u > d. 

ʉʘʙʠʨʘˁʝʤ ʧʨʚʝ ʠ ʪʨʝ˂ʝ, ʟʘʪʠʤ ʜʨʫʛʝ ʠ ʯʝʪʚʨʪʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

x + y + z + u > a + c  ʠ  x + y + z + u > b + d. ʂʘʢʦ ʿʝ y + z = l ,  x + u = f  

ʟʘʤʝʥʦʤ ʫ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  l + f > a + c  ʠ  l + f > b + d.  

ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

 

 

 

 

 

 

 

 

 

3. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ʟʙʠʨ ʜʠʿʘʛʦʥʘʣʘ ʧʝʪʦʫʛʣʘ ʚʝ˂ʠ ʦʜ ˁʝʛʦʚʦʛ ʦʙʠʤʘ, 

ʘ ʤʘˁʠ ʦʜ ʜʚʦʩʪʨʫʢʦʛ ʦʙʠʤʘ. 

 

ʈʝʰʝˁʝ:  

ʂʘʢʦ ʿʝ ʫ  æAFD, AB < AF + FB; 

æBCG,  BC < BG + GC; æCDH, CD < CH + HD; 

æDEI, DE < DI + IE; æEAK, EA < EK + KA. 
E 

l f 
B1 

b 

c 

a 

d 

B 

C1 

C 

u 

x 

z 

y 

A1 

D

1 

x 

A 

u 

D 

y 

z 
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                            ɽ 

 

 

 

 

 

ʉʘʙʠʨʘˁʝʤ ʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʜʦʙʠʿʘ ʩʝ 

ɸB + BC + CD + DE + EA < AF + FB + BG + GC + CH + HD + DI + 

                                                + EK + KA, 

AB + BC + CD + DE + EA < (AF + FG + GC) + (BG + GH + HD) +  

+(GH + HI + IE)+ (CH + HI + IE) + (DI + IK + KA) + (EK + KF + FB), 

AB + BC + CD + DE + EA < AC +BD + CE + DA + EB. 

ʊʠʤʝ ʿʝ ʜʦʢʘʟʘʥʦ ʜʘ ʿʝ ʟʙʠʨ ʜʠʿʘʛʦʥʘʣʘ ʚʝ˂ʠ ʦʜ ʟʙʠʨʘ ʩʪʨʘʥʠʮʘ. 

ɿʘ ʜʨʫʛʠ ʜʝʦ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʢʦʨʠʩʪʠ ʩʝ ʥʝʿʝʜʥʘʢʦʩʪ ʟʘ  

ABC, AC < AB + BC; BCD, BD < BC + CD; 

CDE, CE < CD + DE; DEA, DA < DE + EA; 

EAB, EB < EA + AB. 

ʀʟ ʪʦʛʘ ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

ɸC + BD + CE + DA + EB < 2 Ā (AB + BC + CD + DE + GA). 

ʊʠʤʝ ʿʝ ʟʙʠʨ ʜʠʿʘʛʦʥʘʣʘ ʤʘˁʠ ʦʜ ʜʚʦʩʪʨʫʢʦʛ ʦʙʠʤʘ, ʧʘ ʿʝ ʥʝʿʝʜʥʘʢʦʩʪ 

ʜʦʢʘʟʘʥʘ. 

 

K 

C 

B A 

D 

H I 

F 
G 
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4. ʋ ʢʦʥʚʝʢʩʥʦʤ ʯʝʪʚʦʨʦʫʛʣʫ ʪʨʠ ʫʛʣʘ ʩʫ ʪʫʧʘ. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 

ʜʠʿʘʛʦʥʘʣʘ ʢʦʿʘ ʧʦʣʘʟʠ ʠʟ ʯʝʪʚʨʪʦʛ ʪʝʤʝʥʘ ʚʝ˂ʘ ʦʜ ʜʨʫʛʝ 

ʜʠʿʘʛʦʥʘʣʝ. 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʩʫ ʫ ʢʦʥʚʝʢʩʥʦʤ ʯʝʪʚʦʨʦʫʛʣʫ ABCD, ʫʛʣʦʚʠ ADC ʠ ABC 

ʧʦʚʫʯʝʥʠ ʥʘʜ ʚʝ˂ʦʤ ʜʠʿʘʛʦʥʘʣʦʤ AC ʪʫʧʠ. ʆʧʠʰʠʤʦ ʢʨʫʛ ʦʢʦ 

ʜʠʿʘʛʦʥʘʣʝ AC. ʊʘʜʘ ʫʛʣʦʚʠ ADC ʠ ABC ʧʨʠʧʘʜʘʿʫ ʫʥʫʪʨʘʰˁʦʩʪʠ 

ʢʨʫʛʘ ʠ ʟʘ ʜʠʿʘʛʦʥʘʣʫ BD ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ BD < AC. 

 

 

 

 

 

 

 

5. ʅʝʿʝʜʥʘʢʦʩʪ ʇʪʦʣʦʤʝʿʘ  

(ʩʪʘʨʦʛʨʯʢʠ ʘʩʪʨʦʥʦʤ ʠ ʤʘʪʝʤʘʪʠʯʘʨ, ʦʢʦ 100-178 ʥ.ʝ.) 

 

ɸʢʦ ʩʫ A, B, C, D ʙʠʣʦ ʢʦʿʝ ʯʝʪʠʨʠ ʪʘʯʢʝ ʫ ʨʘʚʥʠ ʪʘʜʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

AB Ā CD + AD Ā BC Ó AC Ā BD. ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ 

ʯʝʪʚʦʨʦʫʛʘʦ ABCD ʪʝʪʠʚʥʠ ʩʘ ʜʠʿʘʛʦʥʘʣʘʤʘ AC ʠ BD ʠʣʠ ʩʫ ʪʘʯʢʝ A, 

B, C, D ʢʦʣʠʥʝʘʨʥʝ, ʛʜʝ ʿʝʜʥʘ ʦʜ ʪʘʯʘʢʘ B ʠ D ʣʝʞʠ ʠʟʤʝʹʫ ʪʘʯʘʢʘ A ʠ 

C, a ʜʨʫʛʘ ʥʝ. 

 

 

 

A 

D 

C 

B 
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ɼʦʢʘʟ.  

ʅʝʢʘ ʿʝ ʄ ʪʘʯʢʘ ʫ ʨʘʚʥʠ ʪʘʢʚʘ ʜʘ ʩʫ ʪʨʦʫʛʣʦʚʠ CMB ʠ CDA ʩʣʠʯʥʠ ʠ 

ʠʩʪʦ ʦʨʠʿʝʥʪʠʩʘʥʠ. ʊʘʜʘ ʿʝ    

 =   ʠ   ᷂BCM= A᷃CD. 

ʆʜʘʪʣʝ ʩʣʝʜʠ ʜʘ ʿʝ 

 =   ʠ   ᷂DCM = ᷂  ACB. 

ɿʥʘʯʠ ʜʘ ʩʫ ʠ ʪʨʦʫʛʣʦʚʠ CMD ʠ CBA 

ʩʣʠʯʥʠ. 

ɿʙʦʛ ʥʘʚʝʜʝʥʠʭ ʩʣʠʯʥʦʩʪ ʿʝ  

 BM =   ʠ   MD =  . 

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ ʪʨʦʫʛʣʘ BM + MD Ó BD je 

 +  Ó BD ʠ  AB Ā CD + AD Ā BC Ó ɸC Ā BD. 

ɱʝʜʥʘʢʦʩʪ ʙʠ ʚʘʞʠʣʘ ʢʘʜʘ ʩʫ ʪʘʯʢʝ B, M ʠ D ʢʦʣʠʥʝʘʨʥʝ, ʪʘʜʘ ʙʠ  

C᷃BD = ᷃ CAD, ʯʝʪʚʦʨʦʫʛʘʦ ABCD ʙʠ ʙʠʦ ʪʝʪʠʚʘʥ.  

 

6. (ʅʝʿʝʜʥʘʢʦʩʪ ʧʘʨʘʣʝʣʦʛʨʘʤʘ) 

 

ɿʘ ʧʨʦʠʟʚʦˀʥʝ ʪʘʯʢʝ A, B, C, D ʫ ʧʨʦʩʪʦʨʫ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ  

AB
2
 + BC

2
 + CD

2
 + DA

2
 Ó AC

2
 + BD

2
. 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʩʫ A, B, C, D ʪʝʤʝʥʘ ʧʘʨʘʣʝʣʦʛʨʘʤʘ. 

 

 

 

 

M 

A 

D 

B 

C 
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ɼʦʢʘʟ:  

ʅʝʢʘ ʩʫ ʪʘʯʢʝ ɸ(x1,y1,z1), B(x2,y2,z2), C(x3,y3,z3), D(x4,y4,z4) ʫ ʧʨʘʚʦʫʛʣʦʤ 

ʢʦʦʨʜʠʥʘʪʥʦʤ ʩʠʩʪʝʤʫ ʜʘʪʝ ʩʚʦʿʠʤ ʢʦʦʨʜʠʥʘʪʘʤʘ. ɿʘʜʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ 

ʟʙʠʨ ʥʝʿʝʜʥʘʢʦʩʪʠ 

(x1 ï x2)
2
 + (x2 ï x1)

2
 + (x1 ï x4)

2
 + (x4 ï x1)

2
 Ó (x1 ï x3)

2
 + (x2 ï x4)

2
, 

(y1 ï y2)
2
 + (y2 ï y1)

2
 + (y1 ï y4)

2
 + (y4 ï y1)

2
 Ó (y1 ï y3)

2
 + (y2 ï y4)

2
, 

(z1 ï z2)
2
 + (z2 ï z1)

2
 + (z1 ï z4)

2
 + (z4 ï z1)

2
 Ó (z1 ï z3)

2
 + (z2 ï z4)

2
. 

ʅʝʿʝʜʥʘʢʦʩʪʠ ʩʫ ʝʢʚʠʚʘʣʝʥʪʥʝ ʩʘ  

(x1 ï x2 + x3 ï x4)
2
 Ó 0,  (y1 ï y2 + y3 ï y4)

2
 Ó 0  ʠ  (z1 ï z2 + z3 ï z4)

2
 Ó 0. 

ʀʟ ʪʦʛʘ ʩʣʝʜʠ ʪʚʨʹʝˁʝ. 

ɱʝʜʥʘʢʦʩʪ ʿʝ ʠʩʧʫˁʝʥʘ ʢʘʜʘ ʿʝ 

x1 ï x2 + x3 ï x4 = y1 ï y2 + y3 ï y4 = z1 ï z2 + z3 ï z4 = 0, 

ʦʜʥʦʩʥʦ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ABCD ʧʘʨʘʣʝʣʦʛʨʘʤ. 

 

7. ʅʝʢʘ ʩʫ a, b, c, d ʩʪʨʘʥʠʮʝ, ʘ P ʧʦʚʨʰʠʥʘ ʢʦʥʚʝʢʩʥʦʛ 

ʯʝʪʚʦʨʦʫʛʣʘ. ɼʦʢʘʟʘʪʠ ʜʘ ʚʘʞʠ: P Ò  . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ABCD ʢʦʥʚʝʢʩʘʥ ʯʝʪʚʦʨʦʫʛʘʦ ʩʘ ʩʪʨʘʥʠʮʘʤʘ AB = a, BC = b, 

CD = c, DA = d ʠ ʥʝʢʘ ʩʫ ɓ ʠ ŭ ˁʝʛʦʚʠ ʫʥʫʪʨʘʰˁʠ ʫʛʣʦʚʠ ʢʦʜ ʪʝʤʝʥʘ B 

ʠ D. ʊʘʜʘ ʩʝ ʧʦʚʨʰʠʥʘ ʯʝʪʚʦʨʦʫʛʣʘ ʤʦʞʝ ʠʟʨʘʟʠʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠ: 

P =  a Ā b Ā sinɓ +  c Ā d Ā sinŭ Ò  (ab + cd) Ò   . 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ʜʘʪʠ ʯʝʪʚʦʨʦʫʛʘʦ ʢʚʘʜʨʘʪ. 
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8. ʂʦʥʚʝʢʩʘʥ n-ʪʦʫʛʘʦ ʿʝ ʨʘʟʣʦʞʝʥ ʥʘ ʪʨʦʫʛʣʦʚʝ. ʋ ʩʚʘʢʠ ʦʜ ʪʠʭ 

ʪʨʦʫʛʣʦʚʘ ʫʧʠʩʘʥ ʿʝ ʢʨʫʛ. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ʟʙʠʨ ʧʦʣʫʧʨʝʯʥʠʢʘ ʪʠʭ 

ʢʨʫʛʦʚʘ ʚʝ˂ʠ ʠʣʠ ʿʝʜʥʘʢ ʦʜ   , ʛʜʝ ʿʝ P ʧʦʚʨʰʠʥʘ ʠ 

 S ʧʦʣʫʦʙʠʤ   n-ʪʦʫʛʣʘ. 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ʜʘʪʠ n-ʪʦʫʛʘʦ ʨʘʟʣʦʞʝʥ ʥʘ ʪʨʦʫʛʣʦʚʝ Ti ʛʜʝ ʿʝ i = 1, 2, 3, ..., k, 

ʧʦʚʨʰʠʥʘ ʪʨʦʫʛʣʘ Ti ʥʝʢʘ ʿʝ Pi, ʧʦʣʫʦʙʠʤ si ʠ ʧʦʣʫʧʨʝʯʥʠʢ ʫʧʠʩʘʥʦʛ 

ʢʨʫʛʘ ʩʘ ri. ʂʘʢʦ ʿʝ ʟʘ ʩʚʘʢʦ i, ri = . ʊʘʜʘ ʧʦʣʫʦʙʠʤ ʙʠʣʦ ʢʦʛ ʪʨʦʫʛʣʘ 

ABC ʩʘʜʨʞʘʥʦʛ ʫ ʢʦʥʚʝʢʩʥʦʤ n-ʪʦʫʛʣʫ ʦʙʠʤʘ s ʤʦʞʝ ʙʠʪʠ ʥʘʿʚʠʰʝ 

ʿʝʜʥʘʢ s. ʊʘʜʘ ʿʝ si Ò s ʟʘ ʩʚʘʢʦ i ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ  

 

 

9. ɼʠʿʘʛʦʥʘʣʝ ʢʦʥʚʝʢʩʥʦʛ ʯʝʪʚʦʨʦʫʛʣʘ ABCD ʩʝ ʩʝʢʫ ʫ ʪʘʯʢʠ ʆ. 

ʅʝʢʘ ʩʫ S1 ʠ S2 ʧʦʚʨʰʠʥʝ ʪʨʦʫʛʣʦʚʘ AOB ʠ COD, a S ʧʦʚʨʰʠʥʘ 

ʯʝʪʚʦʨʦʫʛʣʘ ABCD. ʊʘʜʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ   +  Ò . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ OA = a, OB = b, OC = c, OD = d ʠ C᷂OD = Ŭ.   

ʊʘʜʘ ʿʝ S1 =  Ā sinŬ,  S2 =  Ā sinŬ  ʠ  S =  Ā sinŬ . 

Kako je sinŬ > 0, ʢʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ (  - )
2
 Ó 0  

ʢoja je ʝʢʚʠʚʘʣʝʥʪʥʘ ʩʘ 

 

 +  Ò   ʜʦʙʠʿʘ ʩʝ   +  Ò . 
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ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ad = bc, ʦʜʥʦʩʥʦ a : b = c : d, ʘ ʪʦ ʿʝ 

ʠʩʧʫˁʝʥʦ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ʯʝʪʚʦʨʦʫʛʘʦ ABCD ʪʨʘʧʝʟ. 

 

10. ɼʠʿʘʛʦʥʘʣʘ AC ʩʝʯʝ ʜʠʿʘʛʦʥʘʣʫ BD ʢʦʥʚʝʢʩʥʦʛ ʯʝʪʚʦʨʦʫʛʣʘ 

ABCD ʫ ˁʝʥʦʤ ʩʨʝʜʠʰʪʫ S. ʋ ʪʨʦʫʛʣʦʚʝ ABS, BCS, CDS, DAS 

ʫʧʠʩʘʥʝ ʩʫ ʨʝʜʦʤ ʢʨʫʞʥʠʮʝ ʧʦʣʫʧʨʝʯʥʠʢʘ r1, r2, r3, r4.  

ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ: ƅr1 ï r2 + r3 ï r4ƅ Ò   ƅAB ï BC + CD - DAƅ. 

 

ʈʝʰʝˁʝ:   

ʂʦʨʠʩʪʝ˂ʠ ʧʦʟʥʘʪʝ ʬʦʨʤʫʣʝ ʟʘ ʧʦʚʨʰʠʥʫ 

PSAB =  Ā (SA + SB + SC),   

PSBC =  Ā (SB + SC + BC), 

PSCD =  Ā (SC + SD + CD),   

PSDA =  Ā (SD + SA + DA). 

ʇʦʣʫʧʨʝʯʥʠʮʠ ʫʧʠʩʘʥʠʭ 

ʢʨʫʛʦʚʘ ʩʫ 

r1 =  ,  

 r2 = , 

r3 = ,  

 r4 = . 

 

ɸ 

D 

C 

B 

r3 

r1 

S r2 

r4 

ʉʣʠʢʘ 12. 
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Kaʢo je SB = SD, ʧʦʚʨʰʠʥʝ ʪʨʦʫʛʣʦʚʘ SAB ʠ SDA ʩʫ ʿʝʜʥʘʢʝ, ʢʘʦ ʠ 

ʧʦʚʨʰʠʥʝ ʪʨʦʫʛʣʦʚʘ SBC ʠ SDC. ʇʦʩʤʘʪʨʘʿʫ˂ʠ ʨʘʟʣʠʢʫ 

ƅr1 ï r4ƅ = 2 Ā PSAB Ā   

                = 
-

                          (1) 

ʅʘ ʜʨʫʛʦʿ ʩʪʨʘʥʠ ʧʨʦʠʟʚʦʜ ʜʫʞʠʥʝ ʜʚʝ ʩʪʨʘʥʠʮʝ ʙʠʣʦ ʢʦʛ ʪʨʦʫʛʣʘ ʿʝ 

ʫʚʝʢ ʚʝ˂ʠ ʠʣʠ ʿʝʜʥʘʢ ˁʝʛʦʚʦʿ ʧʦʚʨʰʠʥʠ.  

ʂʦʨʠʩʪʝ˂ʠ ʜʘ ʿʝ SB = SD ʩʣʝʜʠ  

(SA + SB + AB) Ā (SA + SD + AD) = 

= (SA + SB)
2
 + AB Ā SA + AD Ā SA + AB Ā SB + AD Ā SD + AB Ā AD Ó 

Ó 8 Ā PSAB + 2 Ā PSAB + 2 Ā PSAD + 2 Ā PSAB + 2 Ā PSAD + 2 Ā PDAB = 20 Ā PSAB. 

ʂʦʨʠʩʪʝ˂ʠ (1) ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ  ƅr1 ï r4ƅ Ò  Ā ƅAB - ADƅ. 

ʉʣʠʯʥʦ ʪʦʤʝ ʿʝ  ƅr2 ï r3ƅ Ò   ĀƅCB - CDƅ. 

ɿʘ ʪʘʢʘʚ ʯʝʪʚʦʨʦʫʛʘʦ ʿʝ AB > AD ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ CD > CB. 

ʉʘʙʠʨʘˁʝʤ ʧʨʝʪʭʦʜʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

ƅr1 ï r2 + r3 ï r4ƅ Ò ƅr1 ï r4ƅ + ƅr2 ï r3ƅ Ò  Ā - -  

=  Ā ƅAB ï BC + CD - DAƅ ʦʜʥʦʩʥʦ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ 

ƅr1 ï r2 + r3 ï r4ƅ Ò   Ā ƅAB ï BC + CD - DAƅ. 

 

11. ʅʝʢʘ ʿʝ ABCD ʪʝʪʠʚʥʠ ʯʝʪʚʦʨʦʫʛʘʦ, ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ : 

ƅAB - CDƅ + ƅAD - BCƅ Ó 2 Ā ƅAC - BDƅ. 
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 ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ʧʨʝʩʝʢ ʜʠʿʘʛʦʥʘʣʘ AC ʠ BD ʪʘʯʢʘ S. 

ʂʘʢʦ ʿʝ  

S᷃AB = ᷃ CAB = ᷃ BDC = ᷃ SDC 

A᷃BS = ᷃ ABD = D᷃CA = ᷃ DCS 

ʪʨʦʫʛʣʦʚʠ SAB ʠ SDC ʩʫ ʩʣʠʯʥʠ, 

ʧʘ ʿʝ 

 =  = . 

ʅʝʢʘ ʿʝ AS = x  ʠ  BS = y ʪʘʜʘ ʿʝ  

CS = y Ā   ʠ  DS = x Ā  . 

ʈʘʟʣʠʢʘ ƅAC - BDƅ = ƅAS + SC ï BS - SDƅ  

                                    = ƅx + y Ā  - y + x Ā  ƅ  

                                    =  
-

 Ā ƅAB - CDƅ. 

 

ʉʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ ABS ʩʫ x, y ʠ AB ʧʘ ʿʝ ƅx - yƅ < AB. ʂʦʨʠʩʪʝ˂ʠ 

ʧʨʝʜʭʦʜʥʫ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʙʠʿʘ ʩʝ ƅAC - BDƅ Ò ƅAB - CDƅ, ʟʥʘʯʠ ʜʘ ʿʝ 

ƅAB - CDƅ Ó ƅAC - BDƅ. ʉʣʠʯʥʦ ʪʦʤʝ ʿʝ ƅAC - BDƅ Ò ƅAD - BCƅ ʪʦ 

ʿʝʩʪ ƅAD - BCƅ Ó ƅAC - BDƅ.  

ʉʘʙʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ ƅAB - CDƅ + ƅAD - BCƅ Ó 2 Ā ƅAC - BDƅ. 

 

12. ʋ ʧʨʘʚʦʫʛʘʦʥʠʢ ʿʝ ʫʧʠʩʘʥ ʯʝʪʚʦʨʦʫʛʘʦ ʪʘʢʦ ʜʘ ʩʝ ʥʘ ʩʚʘʢʦʿ 

ʩʪʨʘʥʠʮʠ ʧʨʘʚʦʫʛʘʦʥʠʢʘ ʥʘʣʘʟʠ ʧʦ ʿʝʜʥʦ ʪʝʤʝ ʪʦʛ ʯʝʪʚʦʨʦʫʛʣʘ. 

ɼʦʢʘʟʘʪʠ ʜʘ ʦʙʠʤ ʫʧʠʩʘʥʦʛ ʯʝʪʚʦʨʦʫʛʣʘ ʥʠʿʝ ʤʘˁʠ ʦʜ ʟʙʠʨʘ 

ʜʠʿʘʛʦʥʘʣʘ ʧʨʘʚʦʫʛʘʦʥʠʢʘ. 

D 

A 

C 

B 

y 

x 

S 

ʉʣʠʢʘ 13. 
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ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ABCD ʜʘʪʠ ʧʨʘʚʦʫʛʘʦʥʠʢ ʠ MNPQ ʫʧʠʩʘʥʠ ʯʝʪʚʦʨʦʫʛʘʦ ʛʜʝ ʿʝ 

M AB, N BC, P CD, Q DA. ʇʨʝʩʣʠʢʘʿʤʦ ABCD ʩʠʤʝʪʨʠʿʦʤ ʫ 

ʦʜʥʦʩʫ ʥʘ ʩʪʨʘʥʠʮʫ BC ʫ ʧʨʘʚʦʫʛʘʦʥʠʢ A
'
BCD

'
, ʟʘʪʠʤ ʪʘʿ ʧʨʘʚʦʫʛʘʦʥʠʢ 

ʩʠʤʝʪʨʠʿʦʤ ʫ ʦʜʥʦʩʫ ʥʘ ʩʪʨʘʥʠʮʫ CD
'
 ʫ ʧʨʘʚʦʫʛʘʦʥʠʢ A

''
B

''
CD

'
, ˁʝʛʘ ʫ 

ʦʜʥʦʩʫ ʥʘ D
'
A

''
 ʫ A

''
B

'''
C

'''
D

'
. 

 

 

 

ʇʨʠ ʪʠʤ ʧʨʝʩʣʠʢʘʚʘˁʠʤʘ ʥʝʢʘ ʩʝ ʧʨʦʠʟʚʦˀʥʘ ʪʘʯʢʘ X ʧʨʝʩʣʠʢʘ ʫ X
'
, 

ʟʘʪʠʤ ʫ X
''
 ʠ ʫ X

'''
. ʆʙʠʤ ʫʧʠʩʘʥʦʛ ʯʝʪʚʦʨʦʫʛʣʘ ʿʝ ʿʝʜʥʘʢ ʜʫʞʠʥʠ 

ʠʟʣʦʤˀʝʥʝ ʣʠʥʠʿʝ MNP
'
Q

''
M

'''
 ʢʦʿʘ ʥʠʿʝ ʤʘˁʘ ʦʜ ʨʘʩʪʦʿʘˁʘ MM

'''
, ʘ ʦʚʦ ʿʝ 

ʿʝʜʥʘʢʦ ʟʙʠʨʫ ʜʠʿʘʛʦʥʘʣʘ ʧʦʣʘʟʥʦʛ ʧʨʘʚʦʫʛʘʦʥʠʢʘ ABCD. 

 

13. ɸʢʦ ʿʝ ABCDEF ʢʦʥʚʝʢʩʘʥ ʰʝʩʪʦʫʛʘʦ ʪʘʢʘʚ ʜʘ ʿʝ AB ʧaʨʘʣʝʣʥʦ 

ʩʘ ED, BC ʧʘʨʘʣʝʣʥʦ ʩʘ FE ʠ CD ʧʘʨʘʣʝʣʥʦ ʩʘ AF. ʅʝʢʘ ʩʫ RA, RC, 

RE ʧʦʣʫʧʨʝʯʥʠʮʠ ʢʨʫʛʦʚʘ ʦʧʠʩʘʥʠʭ ʦʢʦ ʪʨʦʫʛʣʦʚʘ FAB, BCD, DEF 

ʠ ʆ ʦʙʠʤ ʰʝʩʪʦʫʛʣʘ, ʜʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ  RA + RC + RE Ó . 
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ʈʝʰʝˁʝ:  

ʅʝʢʘ ʩʫ P ʠ Q ʧʦʜʥʦʞʿʘ ʥʦʨʤʘʣʘ ʠʟ ʪʝʤʝʥʘ ɸ ʥʘ ʧʨʘʚʝ BC  ʠ FE, ʘ R ʠ S 

ʧʦʜʥʦʞʿʘ ʥʦʨʤʘʣʘ ʠʟ ʪʝʤʝʥʘ D ʥʘ ʧʨʘʚʝ BC ʠ FE.  

ɸʢʦ ʿʝ   ᷂FAB = ᷂  CDE = Ŭ,  ᷂ABC = ᷂  DEF = ɓ,   ᷂BCD = ᷂  EFA = ɔ.  

ʇʨʠʤʝʥʦʤ ʩʠʥʫʩʥʝ ʪʝʦʨʝʤʝ ʿʝ  FB = 2 Ā RA Ā sinŬ. ʂʘʢʦ ʿʝ  

FB Ó PQ , FB Ó AQ + AP, FB Ó FA Ā sinɔ + AB Ā sinɓ, 

2 Ā RA Ó FA Ā  + AB Ā  . ʉʣʠʯʥʦ  FB Ó SR, FB Ó DS + DR, 

FB Ó ED Ā sinŬ + CD Ā sinɔ, 2 Ā RA Ó ED Ā  + CD Ā  . 

 

 

 

 

 

 

 

 

 

 

 

 

 

ʇʨʠʤʝʥʦʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʟʘ RE ʠ RC, ʜʦʙʠʿʘʿʫ ʩʝ ʠʩʪʝ ʥʝʿʝʜʥʘʢʦʩʪʠ. 

ɳʠʭʦʚ ʟʙʠʨ ʿʝ 

4 Ā RA + 4 Ā RE + 4 Ā RC Ó (AB + ED) Ā  + (BC + FE) Ā     

 + (CD + FA) Ā . 

R 

S 

D 

C 

B 

P 

E 

F 

A 

Q 

Ŭ 

ɓ 

ɔ 

ʉʣʠʢʘ 15. 
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ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ  x +  Ó 2 ʟʘ ʩʚʘʢʦ x > 0, ʜʝʩʥʘ ʩʪʨʘʥʘ ʧʦʩʣʝʜˁʝ 

ʥʝʿʝʜʥʘʢʦʩʪʠ ʥʠʿʝ ʤʘˁʘ ʦʜ 2 Ā O. ɿʘʢˀʫʯʫʿʝʤʦ 4RA + 4RE + 4RC Ó 2 Ā O ,   

oʜʥʦʩʥʦ  RA + RE + RC Ó  . ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ 

 Ŭ = ɓ = ɔ  ʠ  BFṶ BC, DB Ṷ DE, FD Ṷ FA. ʆʜʥʦʩʥʦ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ 

ʰʝʩʪʦʫʛʘʦ ABCDEF ʧʨʘʚʠʣʘʥ. 

 

 

6. 4. ʉʪʝʨʝʦʤʝʪʨʠʿʩʢʝ ʥʝʿeʜʥʘʢʦʩʪʠ 

 

 

1. ʅʝʢʘ ʩʫ a, b, c ʜʫʞʠʥʝ ʩʪʨʘʥʠʮʘ ʢʚʘʜʨʘ, ʘ d1, d2, d3 ʜʫʞʠʥʝ 

ʜʠʿʘʛʦʥʘʣʘ ʩʪʨʘʥʘ ʢʚʘʜʨʘ. ɼʦʢʘʟʘʪʠ ʜʘ ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ 

  d1 + d2 + d3 Ó  Ā ( a + b + c). 

 

ʈʝʰʝˁʝ: 

 ʅʘ ʦʩʥʦʚʫ ʇʠʪʘʛʦʨʠʥʝ ʪʝʦʨʝʤʝ ʿʝ  

d1 =  , d2 =  , d3 = . 

 

 

 

 

 

 

 

 

 

                                                  ʉʣʠʢʘ 16. 

c 

b 

a 

d2 

d3 

d1 
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ʇʨʠʤʝʥʦʤ ʢʚʘʜʨʘʪʥʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 

ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ d1 Ó  (a + b) , d2 Ó (a + c) , d3 Ó  (b + c). 

ʉʘʙʠʨʘˁʝʤ ʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ d1 + d2 + d3 Ó  Ā (2a + 2b + 2c), 

ʦʜʥʦʩʥʦ d1 + d2 + d3 Ó  (a + b + c).  

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʢʘʜʘ ʿʝ ʢʚʘʜʨʘʪʥʘ ʩʨʝʜʠʥʘ ʿʝʜʥʘʢʘ ʘʨʠʪʤʝʪʠʯʢʦʿ, ʢʘʜʘ ʿʝ 

a = b = c, ʢʘʜʘ ʿʝ ʢʦʮʢʘ ʫ ʧʠʪʘˁʫ. 

 

2. ɿʘ ʩʚʘʢʠ ʚʘˀʘʢ ʚʠʩʠʥʝ H, ʧʦʣʫʧʨʝʯʥʠʢʘ ʦʩʥʦʚʝ r, ʧʦʚʨʰʠʥʝ P ʠ 

ʟʘʧʨʝʤʠʥʝ V, ʚʘʞʠ ʥʝʿʝʜʥʘʢʦʩʪ  P
3
 Ó  54 Ā ˊ Ā V

2
.  

 

ʈʝʰʝˁʝ:  

ʀʟ ʧʦʟʥʘʪʠʭ ʿʝʜʥʘʢʦʩʪʠ  P = 2rˊ (r + H)  ʠ  V = r
2
ˊH  ʩʣʝʜʠ  

 

ʇʨʠʤʝʥʦʤ ʘʨʠʪʤʝʪʠʯʢʦ-ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ (1) ʠ (2) ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ   Ó 3 Ā . 

ʂʫʙʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  Ó 27 Ā   , ʘʢʦ ʩʝ ʥʝʿʝʜʥʘʢʦʩʪ ʧʦʤʥʦʞʠ 

ʩʘ 8ˊ
3
 Ó 0 ʪʘʜʘ ʿʝ P

3
  27 Ā 2V

2
 ʦʜʥʦʩʥʦ P

3
 Ó 54V

2  
.
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ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʚʘˀʘʢ ʯʠʿʠ ʿʝ ʦʩʥʠ ʧʨʝʩʝʢ ʢʚʘʜʨʘʪ. 

 

3. ɿʙʠʨ ʜʫʞʠʥʘ ʧʨʝʯʥʠʢʘ ʦʩʥʦʚʝ ʠ ʚʠʩʠʥʝ ʢʫʧʝ ʿʝ 18. ʆʜ ʩʚʠʭ 

ʪʘʢʚʠʭ ʢʫʧʘ ʦʜʨʝʜʠʪʠ ʧʦʚʨʰʠʥʫ ʦʥʝ ʢʦʿʘ ʠʤʘ ʥʘʿʚʝ˂ʫ ʟʘʧʨʝʤʠʥʫ. 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ r ʧʦʣʫʧʨʝʯʥʠʢ ʙʘʟʝ, ʘ H ʚʠʩʠʥʘ ʢʫʧʝ. ɳʝʥʘ ʟʘʧʨʝʤʠʥʘ ʿʝ  

V =  r2
ˊH =   =  .  

ʇʨʠʤʝʥʦʤ ʘʨʠʪʤʝʪʠʯʢʦ-ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʟʘ ʪʨʠ ʧʦʟʠʪʠʚʥʘ ʙʨʦʿʘ, 

ʧʦʟʥʘʪʦ ʿʝ ʜʘ ʛʝʦʤʝʪʨʠʿʩʢʘ ʩʨʝʜʠʥʘ ʥʠʿʝ ʚʝ˂ʘ ʦʜ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ, 

ʦʜʥʦʩʥʦ 

 Ò , ʧʨʠ ʯʝʤʫ ʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ a = b = c . ʀʟ ʪʦʛʘ ʩʝ ʜʦʙʠʿʘ  

 

 

ɱʝʜʥʘʢʦʩʪ ʿʝ ʪʘʯʥʘ ʘʢʦ ʿʝ R = H = 6. ʊʘʜʘ ʫʩʧʨʘʚʥʘ ʢʫʧʘ ʠʤʘ ʥʘʿʚʝ˂ʫ 

ʟʘʧʨʝʤʠʥʫ. ʇʨʝʤʘ ʇʠʪʘʛʦʨʠʥʦʿ ʪʝʦʨʝʤʠ ʟʘ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ ʛʜʝ ʿʝ 

ʭʠʧʦʪʝʥʫʟʘ s ʠʟʚʦʜʥʠʮʘ, ʘ ʢʘʪʝʪʝ ʩʫ  r ʠ H ʧʘ ʿʝ  s
2
 = r

2
 + H

2
 ,  

ʦʜʥʦʩʥʦ s = 6  . ʇʦʚʨʰʠʥʘ ʢʫʧʝ ʿʝ 

P = r
2
ˊ + rˊs = rˊ (r + s) = 6ˊ (6 + 6) = 36́  (1 + ). 

 

4. ɼʘ ʣʠ ʩʝ ʤʦʞʝ ʥʘʧʨʘʚʠʪʠ ʢʫʪʠʿʘ ʫ ʦʙʣʠʢʫ ʢʚʘʜʨʘ ʯʠʿʘ ʿʝ 

ʟʘʧʨʝʤʠʥʘ 0,4 m
2
, ʘ ʟʙʠʨ ʩʚʠʭ ʠʚʠʮʘ ʢʚʘʜʨʘ 2 m? 
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ʈʝʰʝˁʝ: 

ʇʨʠʤʝʥʦʤ ʘʨʠʪʤʝʪʠʯʢʦ-ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ ʟʘ ʠʚʠʮʝ ʢʚʘʜʨʘ a, b, c  ʿʝ 

  Ó   ʦʜʥʦʩʥʦ   Ó , ʦʜʥʦʩʥʦ 8 Ó 27 Ā 0,4  ʪʦ ʿʝʩʪ  

 2 Ó 27 Ā 0,1,  ʦʜʥʦʩʥʦ  2 Ó 2,7  ʰʪʦ ʿʝ ʩʫʧʨʦʪʥʦ ʧʨʝʪʧʦʩʪʘʚʮʠ.ɿʘʢˀʫʯʘʢ 

ʿʝ ʜʘ ʩʝ ʥʝ ʤʦʞʝ ʥʘʧʨʘʚʠʪʠ ʢʫʪʠʿʘ. 

 

5. ʅʝʢʘ ʩʫ a1, a2; b1, b2; c1, c2 ʧʘʨʦʚʠ ʤʠʤʦʠʣʘʟʥʠʭ ʠʚʠʮʘ ʪʝʪʨʘʝʜʨʘ. 

ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ   a1a2 + b1b2 > c1c2. 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ AB = a1, CD = a2, BC = b1, AD = b2, AC = c1,BD = c2,  ( ʉʣʠʢʘ 17.).  

ɸʢʦ B1  AB, C1  AC, D1  AD  ʪʘʜʘ ʿʝ  

AD Ā AB1 = 1, AC Ā AC1 = 1, AD Ā AD1 = 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C1 

D 

C A 

D1 

B1 

B 

ʉʣʠʢʘ 17. 
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ʀʟ ʩʣʠʯʥʦʩʪʠ ʪʨʦʫʛʣʘ ABC ʠ ʪʨʦʫʛʣʘ AB1C1  ʿʝ    , 

ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ B1C1 =   . 

 

ʉʣʠʯʥʦ ʿʝ  C1D1 =   ʠ B1D1 =  .  

 

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʪʨʦʫʛʣʘ  B1C1D1 je B1C1 + C1D1 > B1D1, ʦʜʥʦʩʥʦ  

 

 .  

ʄʥʦʞʝˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʩʘ  a1b2c1 (a1b2c1 > 0) ʜʦʙʠʿʘ ʩʝ ʪʨʘʞʝʥʘ 

ʥʝʿʝʜʥʘʢʦʩʪ 

b1Ā b2 + a1 Ā a2 > c1 Ā c2.      

 

6. ɼʘʪ ʿʝ ʪʝʪʨʘʝʜʘʨ ʫ ʢʦʤʝ ʿʝ ʜʫʞʠʥʘ ʪʘʯʥʦ ʿʝʜʥʝ ʠʚʠʮʝ ʚʝ˂ʘ ʦʜ 1. 

ɼʦʢʘʟʘʪʠ ʜʘ ʟʘʧʨʝʤʠʥʘ ʪʝʪʨʘʝʜʨʘ ʥʠʿʝ ʚʝ˂ʘ ʦʜ   . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ʫ ʪʝʪʨʘʝʜʨʫ SABC (ʩʣʠʢʘ 18.) ʠʚʠʮʘ SC > 1, ʘ ʜʫʞʠʥʝ ʦʩʪʘʣʠʭ 

ʠʚʠʮʘ ʩʫ ʥʘʿʚʠʰʝ 1 (ʤʘˁʝ ʦʜ 1 ʠʣʠ ʿʝʜʥʘʢʝ 1).  

ʊʘʯʢʘ ʆ ʿʝ ʧʦʜʥʦʞʿʝ ʚʠʩʠʥʝ ʪʝʪʨʘʝʜʨʘ ʠʟ ʚʨʭʘ S. ʇʦʜʥʦʞʿʝ S' ʥʦʨʤʘʣʝ 

ʠʟ ʆ ʥʘ ʠʚʠʮʫ ɸB ʤʠʤʦʠʣʘʟʥʫ ʩʘ SC. 

ʂʘʢʦ ʿʝ ʪʨʦʫʛʘʦ SOS' ʧʨʘʚʦʫʛʣʠ ʛʜʝ ʿʝ SO < SS' ʧʘ ʩʫ ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ 

SAB ʤʘˁʝ ʠʣʠ ʿʝʜʥʘʢʝ 1, ʛʜʝ ʿʝ ʚʠʩʠʥʘ SS' Ò  . 
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                                     ʉʣʠʢʘ 18. 

 ɱʝʨ ʿʝ  ʚʠʩʠʥʘ  ʥʘʿʚʝ˂ʝʛ ʿeʜʥʘʢʦʩʪʨʘʥʠʯʥʦʛ ʪʨʦʫʛʣʘ ʩʪʨʘʥʠʮʝ ʜʫʞʠʥʝ 

1 (SS' Ṷ AB ʥʘ ʦʩʥʦʚʫ ʪʝʦʨʝʤʝ ʦ ʪʨʠ ʥʦʨʤʘʣʝ). ʂʘʢʦ ʿʝ ʚʠʩʠʥʘ ʪʝʪʨʘʝʜʨʘ 

H = SO Ò  , ʧʦʚʨʰʠʥʘ ʦʩʥʦʚʝ ABC ʿʝ B Ò  ʿʝʨ ʿʝ ʦʜ ʩʚʠʭ ʪʨʦʫʛʣʦʚʘ, 

ʩʘ ʩʪʨʘʥʠʮʦʤ ʤʘˁʦʤ ʠʣʠ ʿʝʜʥʘʢʦʤ 1. ʅʘʿʚʝ˂ʠ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʥʠ ʪʨʦʛʘʦ 

ʿʝ ʩʪʨʘʥʠʮʝ ʜʫʞʠʥʝ 1. ɿʘʧʨʝʤʠʥʘ ʪʝʪʨʘʝʜʨʘ ʿʝ  

 

 

7. ʉʚʝ ʪʨʠ ʩʪʨʘʥʝ ʨʦʛˀʘ ʢʦʜ ʚʨʭʘ S ʧʠʨʘʤʠʜʝ SABC ʩʫ ʫʛʣʦʚʠ ʦʜ 

60Ü. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ   SA + SB + SC Ò AB + BC + CA.  
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ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ SAB ʿʝʜʥʘ ʙʦʯʥʘ ʩʪʨʘʥʘ ʧʠʨʘʤʠʜʝ ʠ SM ʩʠʤʝʪʨʘʣʘ ʫʛʣʘ ʦʜ 60Ü. 

ɸʢʦ ʦʟʥʘʯʠʤʦ ʫʛʘʦ SMB ʩʘ ű, ʩʣʠʢʘ 19, ʧʨʠʤʝʥʦʤ ʩʠʥʫʩʥʝ ʪʝʦʨʝʤʝ ʿʝ 

 

 

ʉʘʙʠʨʘˁʝʤ ʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ  

  ʦʜʥʦʩʥʦ   = 2 Ā AB. 

 

 

 

 

 

 

 

 

 

 

 

 

                                      

                                             ʉʣʠʢʘ 19. 

 

ʂʘʢʦ ʿʝ sinű Ò 1, ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ  SA + SB Ò 2 Ā AB. ʅʘ ʩʣʠʯʘʥ ʥʘʯʠʥ 

ʠʟ ʙʦʯʥʝ ʩʪʨʘʥʝ SBC ʿʝ SB + SC Ò 2 Ā BC, ʘ ʠʟ ʙʦʯʥʝ ʩʪʨʘʥʝ SAC  je 

SC + CA Ò 2 Ā AC. ʉʘʙʠʨʘˁʝʤ ʪʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

2 Ā (SA + SB + SC) Ò 2 Ā (AB + BC + AC). 

ʅʝʿʝʜʥʘʢʦʩʪ ʿʝ ʜʦʢʘʟʘʥʘ.     

 

ű 

30
° 

30
° 

S 

C 

B 

A 

s 

M 

 

1111111

1111111

1111191

919.19. 



 

83 

 

8. ɼʘʪʘ ʿʝ ʧʠʨʘʤʠʜʘ SABC ʠ ʫ ˁʦʿ ʪʘʯʢʘ Q . ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 

B᷃QC + ᷃ CQA + A᷃QB < B᷃SC + ᷃ CSA ᷃ ASB. 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ʪʘʯʢʘ Q ʧʨʦʜʦʨ ʧʨʘʚʝ ʢʨʦʟ ʨʘʚʘʥ ʪʨʦʫʛʣʘ SBC, ʩʣʠʢʘ 20. 

ʊʘʜʘ ʿʝ A᷃BS + ᷃ SBC = ᷃ ABC + ᷃ SBC + ᷃ Q1BC. 

ʅʘ ʦʩʥʦʚʫ ʦʩʦʙʠʥʝ ʦ ʠʚʠʯʥʠʤ ʫʛʣʦʚʠʤʘ ʪʨʠʝʜʨʘ ʿʝ 

 ɸ᷃BS + S᷃BQ1 > A᷃BQ1, ʦʜʥʦʩʥʦ A᷃BS + ᷃ SBC > ᷃ ABQ1 + Q᷃1BC.  

ʉʣʠʯʥʦ ʪʦʤʝ A᷃BQ1 = A᷃BQ + ᷃ QBQ1 ʠ Q᷃BQ1 + Q᷃1BC > ᷃ QBC. 

 

 

 

 

 

 

 

 

 

 

 

 

 

ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ A᷃BS + ᷃ SBC > ᷃ ABQ + ᷃ QBC, ʦʜʥʦʩʥʦ 

B᷃CS + ᷃ SCA > ᷃ BCQ + ᷃ QCA ʠ C᷃AS + >SAB > ᷃ CAQ + ᷃ QAB. 

ʉʘʙʠʨʘˁʝʤ ʪʝ ʪʨʠ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

A᷃BS + ᷃ SBC + ᷃ BCS + ᷃ SCA + ᷃ CAS + ᷃ SAB >  

                           > A᷃BQ + ᷃ QBC + ᷃ BCQ + Q᷃CA + + C᷃AQ + ᷃ QAB. 

ʀʟ ʪʨʦʫʛʣʘ BCS je 

S᷃BC + ᷃ BCS = 180° - B᷃SC , 

Q 

Q1 

C 

S 

A 

B 

ʉʣʠʢʘ 20. 



 

84 

 

S᷃CA + ᷃ CAS = 180° - C᷃SA , 

S᷃AB + ᷃ ABS = 180° - A᷃SB. 

ʉʘ ʜʨʫʛʝ ʩʪʨʘʥʝ ʿʝ 

Q᷃BC + ᷃ BCQ = 180° - B᷃QC , 

Q᷃CA + ᷃ CAQ = 180° - C᷃QA , 

Q᷃AB + ᷃ ABQ = 180° - ᷃ AQB. 

ɿʘʤʝʥʦʤ ʫ ʛʦʨˁʫ ʥʝʿʝʜʥʘʢʦʩʪ ʜʦʙʠʿʘ ʩʝ 

3 Ā 180° - ( B᷃SC + ᷃ CSA + ᷃ ASB) >  

            >   3 Ā 180Á - ( B᷃QC + ᷃ CQA + ᷃ AQB). 

ʀʟ ʯʝʛʘ ʩʣʝʜʠ ʪʨʘʞʝʥʘ ʥʝʿʝʜʥʘʢʦʩʪ. 

 

9. ʋ ʪʝʪʨʘʝʜʨʫ SABC ʿʝ SA Ṷ SB, ʘ ʧʦʜʥʦʞʿʝ ʥʦʨʤʘʣʝ ʠʟ ʪʝʤʝʥʘ S ʥʘ 

ʨʘʚʘʥ ABC ʿʝ ʦʨʪʦʮʝʥʪʘʨ ʪʦʛ ʪʨʦʫʛʣʘ.  

ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ 

(ƅABƅ + ƅBCƅ + ƅACƅ)
2
 Ò 6 Ā (ƅASƅ

2
 + ƅBSƅ

2
 + ƅCSƅ

2
). 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ ʪʘʯʢʘ ʆ ʦʨʪʦʮʝʥʪʘʨ ʪʨʦʫʛʣʘ ABC ʠ SO ʚʠʩʠʥʘ ʪʝʪʨʘʝʜʨʘ 

 ʩʣʠʢʘ 21. ɼʦʢʘʟʘ˂ʝʤʦ ʜʘ ʩʫ ʩʚʝ ʩʪʨʘʥʝ ʨʦʛˀʘ ʢʦʜ ʚʨʭʘ S ʧʨʘʚʠ ʫʛʣʦʚʠ.  

ʂʘʢʦ ʿʝ ʧʦ ʧʨʝʪʧʦʩʪʘʚʮʠ ɸʄ ʚʠʩʠʥʘ ʙʘʟʝ ʪʝʪʨʘʝʜʨʘ ɸʄ Ṷ BC, 

ʧʨʠʤʝʥʦʤ ʪʝʦʨʝʤʝ ʦ ʪʨʠ ʥʦʨʤʘʣʝ ʠ SM Ṷ BC. ʇʘ  je ʧʨʘʚʘ BC ʥʦʨʤʘʣʥʘ 

ʥʘ ʨʘʚʘʥ SAM, ʧʘ ʿʝ BC Ṷ AS. 

ʇʦ ʧʨʝʪʧʦʩʪʘʚʮʠ ʿʝ AS Ṷ SB ʠ  ɸS Ṷ BC, ʧʘ ʿʝ AS ʥʦʨʤʘʣʥʘ ʥʘ ʨʘʚʘʥ 

SBC, ʟʘʢˀʫʯʫʿʝʤʦ AS Ṷ SC. ʉʣʠʯʥʦ ʪʦʤʝ ʿʝ  ᷃BSC = 90°. 

ʇʨʠʤʝʥʦʤ ʇʠʪʘʛʦʨʠʥʝ ʪʝʦʨʝʤʝ ʥʘ ʪʨʦʫʛʣʦʚʝ  SAB, SBC, SAC ʿʝ 

ɸB
2
 = SA

2 
+ SB

2 
,   BC

2
 = SB

2
 + SC

2  
,   AC

2
 = SA

2
 + SC

2
. 
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ʉʘʙʠʨʘˁʝʤ ʪʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  

ɸB
2
 + BC

2
 + AC

2
 = 2 Ā (SA

2
 + SB

2
 + SC

2
). 

ɼʘʪʘ ʥʝʿʝʜʥʘʢʦʩʪ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʘ ʩʘ  

(AB + BC + AC)
2
 Ò 3 Ā (AB

2
 + BC

2
 + AC

2
), ʦʜʥʦʩʥʦ ʩʘ 

2 Ā AB
2
 + 2 Ā BC

2
 + 2 Ā AC

2
 ï 2 Ā AB Ā BC ï 2 Ā BC Ā AC ï 2 ĀAB Ā AC Ó 0, 

(AB ï BC)
2
 + (BC ï AC)

2
 + (AC ï AB)

2
 Ó 0  ʰʪʦ ʿʝ ʦʯʠʛʣʝʜʥʦ ʪʘʯʥʦ. 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʢʘʜʘ ʿʝ AB = BC = AC, ʦʜʥʦʩʥʦ SA = SB = SC. 
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7. ʇʈʀʄɽʅɸ ʅɽɱɽɼʅɸʂʆʉʊʀ ɿɸ 

ʆɼʈɽɫʀɺɸɳɽ ɽʂʉʊʈɽʄʅʀʍ ɺʈɽɼʅʆʉʊʀ 

 

 

                          Ăʉʫʰʪʠʥʘ ʤʘʪʝʤʘʪʠʢʝ ʿʝ ʫ ˁʝʥʦʿ ʩʣʦʙʦʜʠñ 

                                                                                     (ʂʘʥʪʦʨ) 

 

ʆʜʨʝʹʠʚʘˁʝ ʤʘʢʩʠʤʫʤʘ ʠ ʤʠʥʠʤʫʤʘ ʥʝʢʠʭ ʠʟʨʘʟʘ ʧʦʚʝʟʘʥʦ ʿʝ ʩʘ 

ʜʦʢʘʟʠʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ. ʏʝʩʪʦ ʩʫ ʪʦ ʜʚʘ ʚʠʜʘ ʠʩʪʦʛ ʟʘʜʘʪʢʘ.  

ɸʢʦ ʩʝ ʜʦʢʘʞʝ ʜʘ ʥʝʿʝʜʥʘʢʦʩʪ  

f (x) Ò c                  (1) 

ʚʘʞʠ ʟʘ ʩʚʝ ʚʨʝʜʥʦʩʪʠ ʧʨʦʤʝʥˀʠʚʝ x ʠʟ ʥʝʢʦʛ ʩʢʫʧʘ D, ʪʠʤʝ ʿʝ 

ʜʦʢʘʟʘʥʦ ʜʘ ʿʝ 

 

ʇʦʜ ʧʨʝʪʧʦʩʪʘʚʢʦʤ ʜʘ ʥʘʚʝʜʝʥʠ ʤʘʢʩʠʤʫʤ ʧʦʩʪʦʿʠ. ɸʢʦ ʩʝ ʿʦʰ ʟʘʢˀʫʯʠ 

ʜʘ ʿʝ x0  D, ʛʜʝ ʿʝ f (x0)= c, ʦʥʜʘ ʿʝ 

 

ʉʘ ʜʨʫʛʝ ʩʪʨʘʥʝ, ʘʢʦ ʥʝʢʠʤ ʧʦʩʪʫʧʢʦʤ ʜʦʢʘʞʝʤʦ ʜʘ ʚʘʞʠ  

ʥʝʿʝʜʥʘʢʦʩʪ (2), ʦʥʜʘ ʿʝ ʜʦʢʘʟʘʥʘ ʥʝʿʝʜʥʘʢʦʩʪ (1) ʟʘ ʩʚʘʢʦ x  D. 

 

ʇʨʦʙʣʝʤʠ ʠʟ ʦʚe ʪʝʤʝ ʚʘʨʠʨʘʿʫ ʦʜ ʿʝʜʥʦʩʪʘʚʥʠʭ ʜʦ ʪʝʰʢʠʭ ʠ ʚʨʣʦ 

ʩʣʦʞʝʥʠʭ. 
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1. ʅʝʢʘ ʿʝ x Ó 3 ʨʝʘʣʘʥ ʙʨʦʿ. ʆʜʨʝʜʠʪʠ ʤʠʥʠʤʘʣʥʫ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ  

x + . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʩʫ x, y   [3, + )  ʠ  x > y. ɿʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ  

x +  - y -  = (x ï y) Ā (1 - ) > 0. 

ʂʘʢʦ ʿʝ xy Ó 3 ʟʥʘʯʠ ʜʘ ʿʝ  Ò  

ʆʙʘ ʠʟʨʘʟʘ ʫ ʟʘʛʨʘʜʠ ʩʫ ʥʝʥʝʛʘʪʠʚʥʘ, ʦʜʘʚʜʝ ʩʣʝʜʠ ʜʘ ʿʝ ʬʫʥʢʮʠʿʘ 

 f (x) = x +  ʨʘʩʪʫ˂ʘ ʥʘ ʠʥʪʝʨʚʘʣʫ  [3, + ). 

ʄʘʢʩʠʤʘʣʥʘ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ ʿʝ ʟʘ x = 3 ʠ ʠʟʥʦʩʠ f (x) =  

 

2. ʅʝʢʘ ʩʫ a, b, c ʧʦʟʠʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ a + b + c Ò .  

ʆʜʨʝʜʠʪʠ ʤʠʥʠʤʘʣʥʫ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ  

a + b + c +  +  + .                       (1) 

 

ʈʝʰʝˁʝ:  

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʩʨʝʜʠʥʝ, ʜʦʙʠʿʘ ʩʝ 

ʜʘ ʿʝ 
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ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ ʘʨʠʪʤʝʪʠʯʢʝ ʠ ʭʘʨʤʦʥʠʿʩʢʝ ʩʨʝʜʠʥʝ ʿʝ 

 

 

 

ʉʘʙʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ (2) ʠ (3), ʜʦʙʠʿʘ ʩʝ ʥʘ ʣʝʚʦʿ ʩʪʨʘʥʠ ʪʨʘʞʝʥʠ 

ʠʟʨʘʟ 

 

 

ʂʦʨʠʩʪʝ˂ʠ ʫʩʣʦʚ ʟʘʜʘʪʢʘ ʜʘ ʿʝ ʘ + b + c Ò  , ʜʦʙʠʿʘ ʩʝ ʜʘ ʿʝ 

b Ā  +  Ā 9 Ā  =  +  = , ʘ ʪʦ ʿʝ ʦʧʪʠʤʘʣʥʘ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ (1). 

ɺʨʝʜʥʦʩʪ ʩʝ ʜʦʙʠʿʘ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ ʘ = b = c =   . 

 

3. ʅʝʢʘ ʩʫ ʘ, b,c ʧʦʟʠʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ 

ʘ
2
 + b

2
 + c

2
 = 1. ʆʜʨʝʜʠʪʠ ʤʠʥʠʤʘʣʥʫ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ  
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ʈʝʰʝˁʝ:   

ʂʦʨʠʩʪʝ˂ʠ ʘʨʠʪʤʝʪʠʯʢʫ ʠ ʛʝʦʤʝʪʨʠʿʩʢʫ ʥʝʿʝʜʥʘʢʦʩʪ ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ 

 

 

ʇʨʠʤʝʥʦʤ ʢʚʘʜʨʘʪʥʝ ʠ ʛʝʦʤʝʪʨʠʿʩʢʝ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ  Ó   

ʠ ʫʩʣʦʚʘ ʟʘʜʘʪʢʘ ʘ
2
 + b

2
 + c

2
 = 1 ʨʝʰʘʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ, ʜʦʙʠʿʘ ʩʝ ʥʠʟ 

ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʥʝʿʝʜʥʘʢʦʩʪʠ 

 

 

 

 

 

 

ʄʘʢʩʠʤʘʣʥʘ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ ʿʝ 4 ʠ ʜʦʙʠʿʘ ʩʝ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʿʝ 

 ʘ = b = c =  . 

4. ʆʜʨʝʜʠʪʠ ʤʘʢʩʠʤʘʣʥʫ ʚʨʝʜʥʦʩʪ ʧʨʦʠʟʚʦʜʘ ʜʚʘ ʙʨʦʿʘ ʯʠʿʠ ʿʝ ʟʙʠʨ 

ʿʝʜʥʘʢ S. 
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ɽʢʚʠʚʘʣʝʥʪʘʥ ʟʘʜʘʪʘʢ: ʆʜʨʝʜʠʪʠ ʢʦʿʠ ʧʨʘʚʦʫʛʘʦʥʠʢ ʜʘʪʦʛ ʦʙʠʤʘ 2S 

ʠʤʘ ʥʘʿʚʝ˂ʫ ʧʦʚʨʰʠʥʫ. 

 

ʈʝʰʝˁʝ:   

ʅʝʢʘ ʩʫ ʘ ʠ b ʪʨʘʞʝʥʠ ʙʨʦʿʝʚʠ (ʩʪʨʘʥʠʮʝ ʧʨʘʚʦʫʛʘʦʥʠʢʘ), ʛʜʝ ʿʝ  

 ʘ + b = S  ʠ ʘ Ā b = ʈ. 

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿeʜʥʘʢʦʩʪ ʛʝʦʤʝʪʨʠʿʩʢʝ ʠ ʘʨʠʪʤʝʪʠʯʢʝ ʩʨʝʜʠʥʝ ʜʦʙʠʿʘ ʩʝ  

 Ò    ʢʚʘʜʨʠʨʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʿʝ 

ʘb Ò  , ʈ Ò . 

ɱʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʘ = b. ʅʘʿʚʝ˂ʘ ʚʨʝʜʥʦʩʪ ʧʦʚʨʰʠʥʝ ʈ ˂ʝ ʙʠʪʠ ʢʘʜʘ ʿʝ 

 ʘ = b, ʦʜʥʦʩʥʦ ʢʘʜʘ ʿʝ ʧʨʘʚʦʫʛʘʥʠʢ ʢʚʘʜʨʘʪ. ɺʨʝʜʥʦʩʪ ʤʘʢʩʠʤʫʤʘ ˂ʝ 

ʙʠʪʠ    S2
. 

 

5. ʅʝʢʘ ʩʫ x ʠ y ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ, ʪʘʢʚʠ ʜʘ ʿʝ x
2
 + y

2
 Ò 25. ʆʜʨʝʜʠʪʠ 

ʥʘʿʤʘˁʫ ʠ ʥʘʿʚʝ˂ʫ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ x
2
 + y

2
 + 12x -16y . 

 

ʈʝʰʝˁʝ:  

ʅʝʢʘ ʿʝ F (x,y) = x
2
 + y

2
 + 12x -16y, ʦʜʥʦʩʥʦ  

F (x,y) = 2 Ā (x + 3)
2
 + 2 Ā (y - 4)

2
 ï (x

2
 + y

2
) ï 50 Ó -75.  

ʅʘʿʤʘˁʘ ʚʨʝʜʥʦʩʪ ʿʝ ï 75 ʟʘ x = - 3, y = 4. 

ɿʘ ʥʘʿʚʝ˂ʫ ʚʨʝʜʥʦʩʪ ʢʦʨʠʩʪʠʤʦ ʫʩʣʦʚ, ʧʘ ʿʝ  

F (x,y) + F (- x,- y) = 2 Ā (x
2
 + y

2
)  Ò 2 Ā 25 = 50               (1). 

ɱʝʨ ʿʝ  F (-x,-y) Ó - 75. 

ʀʟ ʥʝʿʝʜʥʘʢʦʩʪʠ (1) ʿʝ F (x,y) Ò 50 ï F (-x,-y),  

F (x,y) Ò 50 ï (- 75), F (x,y) Ò 125. 

ʅʘʿʚʝ˂ʘ ʚʨʝʜʥʦʩʪ ʿʝ 125 ʟʘ x = 3 ʠ y = - 4. 
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6. ʅʝʢʘ ʩʫ x1, x2, ..., xn ʧʦʟʠʪʠʚʥʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʪʘʢʚʠ ʜʘ ʿʝ  

x1 + x2 + ... + xn = 1. ʅʘ˂ʠ ʤʠʥʠʤʘʣʥʫ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ  

 

ʈʝʰʝˁʝ:  

ɸʢʦ ʜʘʪʠ ʠʟʨʘʟ ʦʟʥʘʯʠʤʦ ʩʘ ɸ ʪʘʜʘ ʿʝ  

 

 

ʂʦʨʠʩʪʝ˂ʠ ʥʝʿʝʜʥʘʢʦʩʪ ʂʦʰʠ-ʐʚʘʨʮʦʚʘ ʜʦʙʠʿʘ ʩʝ  

 

 

ɿʥʘʯʠ ʜʘ ʿʝ ʤʠʥʠʤʘʣʥʘ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ A ʿʝʜʥʘʢʘ 

 

ʇʦʪʨʝʙʥʦ ʿʝ ʦʜʨʝʜʠʪʠ ʿʦʰ xi ʟʘ ʢʦʿʝ ʩʝ ʜʦʙʠʿʘ ʪʘ ʤʠʥʠʤʘʣʥʘ ʚʨʝʜʥʦʩʪ. 

ʂʦʜ ʂʦʰʠ-ʐʚʘʨʮʦʚʝ ʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʢʘʜʘ ʩʫ ʝʣʝʤʝʥʪʠ 

ʧʨʦʧʦʨʮʠʦʥʘʣʥʠ, ʘ ʪʦ ʿʝ ʟʘ 

 

ʀʟ ʪʦʛʘ ʩʣʝʜʠ ʜʘ ʿʝ  

xn = n Ā a,  xn-1 ï xn = (n ï 1) Ā a, ... , xk-1 ï xk = (k ï 1) Ā a, ...  

..., x1 ï x2 = 1 ï a. 

ʉʘʙʠʨʘˁʝʤ ʧʨʚʠʭ (n + 1 - k) ʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘ ʩʝ 
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ʆʜʨʝʹʠʚʘˁʝ ʚʨʝʜʥʦʩʪʠ ʟʘ a ʩʝ ʜʦʙʠʿʘ ʠʟ 

 

 

ʀʟ ʪʦʛʘ ʿʝ 

 

  

 

 

7. ʆʜʨʝʜʠʪʠ ʤʠʥʠʤʘʣʥʫ ʚʨʝʜʥʦʩʪ ʬʫʥʢʮʠʿʝ 

f (x) =  +  

 

ʈʝʰʝˁʝ:   

ʌʫʥʢʮʠʿʘ f (x) ʩʝ ʤʦʞʝ ʟʘʧʠʩʘʪʠ ʫ ʦʙʣʠʢʫ 

f (x) = - - -  

ʇʘ ʿʝ ʬʫʥʢʮʠʿʘ f (x) ʟʙʠʨ ʨʘʩʪʦʿʘˁʘ ʦʜ ʪʘʯʘʢʘ A(2, -2) ʠ B(5, 4) ʜʦ ʪʘʯʢʝ 

X(x, 0). ʆʚʦ ʨʘʩʪʦʿʘˁʝ ʿʝ ʤʠʥʠʤʘʣʥʦ ʢʘʜʘ ʪʘʯʢʘ X ʧʨʠʧʘʜʘ ʜʫʞʠ AB (ʠʟ 

Ăʥʝʿʝʜʥʘʢʦʩʪʠ ʪʨʦʫʛʣʘñ). ʄʠʥʠʤʫʤ ʬʫʥʢʮʠʿʝ ʩʝ ʜʦʙʠʿʘ ʟʘ x = 3 ʠ 

ʠʟʥʦʩʠ    fmin (x) = f (3) = 3  . 




